Classification of 7-dimensional Einstein nilradicals II by Fernández-Culma, Edison Alberto
ar
X
iv
:1
10
5.
44
93
v2
  [
ma
th.
DG
]  
12
 Ju
n 2
01
3
CLASSIFICATION OF 7-DIMENSIONAL EINSTEIN
NILRADICALS II
EDISON ALBERTO FERNA´NDEZ CULMA
Abstract. This paper contains all computations supporting the classi-
fication of 7-dimensional Einstein nilradicals given in [F]. Each algebra
is analyzed in detail here.
1. Classification of 7-dimensional Einstein nilradicals
To get the classification of 7-dimensional Einstein nilradicals, we follow
Carles’ classification of low-dimensional complex nilpotent Lie algebra (with
corrections by Magnin in [M]). In [C], Carles compares his classification with
previous classifications given by Romdhani, Safiullina and Seeley, we recall
this work here. The notation that we use is:
CARLES ROMDHANI SAFIULLINA SELLEY
dim Der dim Derived Series dim Desc. C. Series
The differences between the lists in [C] and [M] are in algebras 1.01(i),
1.01(ii), 1.8, 1.9, 1.12, 2.2, 2.10, 2.45, 2.46, 3.1(ii) in Carles’ list. For in-
stance, in [C], 2.45 is isomorphic to 2.38 and 2.46 is isomorphic to 2.36, so
Magnin omits 2.46 and corrects 2.45.
In [M], the only 7-dimensional algebras of rank ≥ 1 that are not written
in a nice basis are 1.2(ii), 1.2(iv), 1.3(iλ), 1.3(ii), 1.3(v), 1.11, 1.12, 1.13,
1.14, 1.15, 1.16, 1.17, 1.18, 1.21, 2.2, 2.11, 2.24, 2.25, 2.26, 2.27, 2.37. For
the remaining algebras, we apply Nikolayevsky’s nice basis criterium [Nk1,
Theorem 3.].
In cases where we give an explicit nilsoliton to prove that certain algebra is
an Einstein nilradical, we have also provided a corresponding isomorphism.
Since any nilpotent Lie algebra of dimension ≤ 6 is an Einstein nilradical
and a direct sum of Einstein nilradicals is again an Einstein nilradical, we
focus on studying indecomposable algebras.
Let m be the unnormalized moment map for the action of GLn(R) on
Λ2(Rn)∗ ⊗ Rn by “change of basis”(cf. [L1]). Let µ ∈ V be a nilpotent Lie
algebra law and we denote by Ricµ the Ricci operator of the nilmanifold
2000 Mathematics Subject Classification. Primary 53C25; Secondary 53C30, 22E25.
Key words and phrases. Einstein manifolds, Einstein Nilradical, Nilsolitons,
Geometric Invariant Theory, Nilpotent Lie Algebras.
Fully supported by a CONICET fellowship (Argentina).
1
2 EDISON ALBERTO FERNA´NDEZ CULMA
(Nµ, 〈·, ·〉), where Nµ is the simply connected Lie group with Lie(Nµ) =
(Rn, µ) and 〈·, ·〉 is the canonical inner product of Rn, then
(1) m(µ) = 4Ricµ .
By closeness with GIT, we work with the moment map m instead of Ric so
calculations are made using m.
2. Rank zero
Recall that a rank-zero nilpotent Lie algebra (also called characteristically
nilpotent Lie algebra) can not be Einstein nilradical since these do not admit
an N-gradation. The following are not Einstein nilradical
0.1 n7,2 (1, 2, 3, 4, 5, 7)F
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e6, [e2, e4] = e7, [e2, e5] = e7, [e3, e4] = −e7
0.2 n7,4 L
33
75 (1, 2, 3, 4, 5, 7)H
dim Der
10
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e5 + e7, [e2, e4] = e6, [e2, e5] = e7
0.3 n7,7 L
34
75 (1, 2, 3, 4, 5, 7)E
dim Der
11
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e6 + e7, [e2, e4] = e7
0.4λ n
λ
7,14
L2574(n3)
(α = λ)
(1, 2, 4, 5, 7)N
(ξ = λ+2i
λ−2i 6= 1, λ 6= ±2i)
(1, 2, 4, 5, 7)M
(ξ = 0, λ = −2i)
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = λe7+e6, [e1, e5] = e7, [e1, e6] = e7, [e2, e3] =
e5, [e2, e4] = e7, [e2, e5] = e6, [e3, e5] = e7
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0.5 n7,16 L
17
74(n3)
(1, 2, 4, 5, 7)N
ξ = 1
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6+e7, [e1, e6] = e7, [e2, e3] = e5, [e2, e5] =
e6, [e3, e5] = e7
0.6 n7,20
L2674(n3)
(α 6= 0) (1, 2, 4, 5, 7)J
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e7, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e5, [e2, e4] = e6, [e2, e5] = e7, [e3, e4] = e7
0.7 n7,25 (1, 3, 4, 5, 7)I
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e7, [e1, e5] = e7, [e1, e6] = e7, [e2, e3] =
e5, [e2, e4] = e7, [e2, e5] = e6, [e3, e5] = e7
0.8 n7,34 L
22
74(n3) (1, 2, 4, 5, 7)G
dim Der
10
dim Derived Series
(7, 4, 1, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e7, [e1, e4] = e5, [e1, e5] = e6, [e2, e3] = e6, [e2, e4] =
e6, [e2, e6] = e7, [e4, e5] = −e7
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3. Rank one
1.01(i) n7,43 L
12
75 (1, 2, 3, 5, 7)B
dim Der
11
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e5+e7, [e3, e4] =
−e6, [e3, e5] = −e7
Pre-Einstein Derivation: φ = Diag(0, 1, 0, 1, 1, 1, 1). It is not an Einstein
nilradical by [F, Theorem 2.5]; φ ≯ 0.
1.01(ii) n7,47 L
13
75 (1, 2, 4, 5, 7)B
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e6+e7, [e3, e4] =
−e7
Pre-Einstein Derivation: φ = Diag(0, 1, 0, 1, 1, 1, 1). It is not an Einstein
nilradical by [F, Theorem 2.5]; φ ≯ 0.
1.02 n7,23 (1, 2, 4, 5, 7)K
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e5] = e6, [e2, e3] = e5, [e2, e4] = e6, [e2, e5] =
e7, [e2, e6] = e7, [e3, e5] = −e7
Pre-Einstein Derivation: φ = 12 Diag(0, 1, 1, 1, 2, 2, 3). It is not an Einstein
nilradical by [F, Theorem 2.5]; φ ≯ 0.
1.03 n7,26 L
13
74(n3) (1, 3, 4, 5, 7)G
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e6] = e7, [e2, e3] = e6, [e2, e4] =
e7, [e2, e5] = e7, [e3, e4] = −e7
Pre-Einstein Derivation: φ = 23 Diag(0, 1, 1, 1, 1, 2, 2). It is not an Einstein
nilradical by [F, Theorem 2.5]; φ ≯ 0.
CLASSIFICATION OF 7-DIMENSIONAL EINSTEIN NILRADICALS II 5
1.1(iλ)
λ 6= 0, 1
n
λ
7,1
λ 6= 0, 1
(1, 2, 3, 4, 5, 7)I
(ξ = λ, ξ 6= 0)
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e5, [e2, e4] = e6, [e2, e5] = λe7, [e3, e4] = (1− λ)e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 0 1 1 −1
0 3 0 1 1 1 −1 0 0
1 0 3 0 1 1 1 −1 1
1 1 0 3 0 −1 1 1 0
1 1 1 0 3 0 −1 1 1
0 1 1 −1 0 3 1 0 1
1 −1 1 1 −1 1 3 1 1
1 0 −1 1 1 0 1 3 1
−1 0 1 0 1 1 1 1 3

A solution to Ux = [1]: x = 110 (1, 2, 2, 2, 1, 2, 1, 2, 1)
T . It is an Einstein
nilradical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
||Sβ||2 = 57 ≈ 0.7142857143
1.1(iλ)
λ = 0
n
λ
7,1
λ = 0
(1, 2, 3, 4, 5, 7)I
(ξ = 0)
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e5, [e2, e4] = e6, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 0 1 −1
0 3 0 1 1 1 −1 0
1 0 3 0 1 1 1 1
1 1 0 3 0 −1 1 0
1 1 1 0 3 0 −1 1
0 1 1 −1 0 3 1 1
1 −1 1 1 −1 1 3 1
−1 0 1 0 1 1 1 3

General solution to Ux = [1]: x = (t2,−15 + t1 + t2, 0, 35 − t1− t2, 25 − t2, 35 −
t1 − t2, t1, t2)T . It is not an Einstein nilradical.
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Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
1.1(iλ)
λ = 1
n
λ
7,1
λ = 1
L3075 (1, 2, 3, 4, 5, 7)G
dim Der
11
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e5, [e2, e4] = e6, [e2, e5] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 0 1 1
0 3 0 1 1 1 −1 0
1 0 3 0 1 1 1 −1
1 1 0 3 0 −1 1 1
1 1 1 0 3 0 −1 1
0 1 1 −1 0 3 1 0
1 −1 1 1 −1 1 3 1
1 0 −1 1 1 0 1 3

General solution to Ux = [1]: x = (0, 25 − t1, 35 − t1 − t2, t1,−15 + t1 +
t2, t1, t2,
3
5 − t1 − t2)T . It is not an Einstein nilradical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
1.1(ii) n7,3 (1, 2, 3, 4, 5, 7)C
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e5] =
e7, [e3, e4] = −e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 1 −1
0 3 0 1 1 0 0
1 0 3 0 1 −1 1
1 1 0 3 0 1 0
1 1 1 0 3 1 1
1 0 −1 1 1 3 1
−1 0 1 0 1 1 3

General solution to Ux = [1]: x = (t1,
2
5 ,
3
5 − t1, 0,−15 , 35 − t1, t1)T . It is not
an Einstein nilradical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
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1.1(iii) n7,11 L
41
74(n3) (2, 3, 4, 5, 7)G
dim Der
10
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e2, e3] = e5, [e2, e4] =
e6, [e2, e5] = −e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1 1 −1
0 3 0 1 1 −1 0 0
1 0 3 0 1 1 −1 1
1 1 0 3 −1 1 1 0
0 1 1 −1 3 1 0 1
1 −1 1 1 1 3 1 1
1 0 −1 1 0 1 3 1
−1 0 1 0 1 1 1 3

A solution to Ux = [1]: x = 110(2, 3, 2, 1, 1, 1, 2, 2)
T . It is an Einstein nilrad-
ical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
||Sβ||2 = 57 ≈ 0.714
1.1(iv) n7,22 L
27
74(n3) (1, 2, 4, 5, 7)I
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e4] =
e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1 1 −1
0 3 1 1 1 −1 0 0
1 1 3 0 −1 1 1 0
1 1 0 3 0 −1 1 1
0 1 −1 0 3 1 0 1
1 −1 1 −1 1 3 1 1
1 0 1 1 0 1 3 1
−1 0 0 1 1 1 1 3

General solution to Ux = [1]: x = (25 − t1, 15 − t1+ t2, 15 − t2+ t1, t1, 15 − t2+
t1, t2, 0,
2
5 − t1)T . It is not an Einstein nilradical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
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1.1(v) n7,42 L
2
74(3C) (1, 2, 3, 5, 7)C
dim Der
10
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e4] =
e6, [e2, e5] = e7, [e3, e4] = −e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 −1 0 0
0 3 0 1 1 1 −1 1
1 0 3 0 −1 1 1 0
1 1 0 3 0 −1 1 1
1 1 −1 0 3 1 0 1
−1 1 1 −1 1 3 1 1
0 −1 1 1 0 1 3 1
0 1 0 1 1 1 1 3

General solution to Ux = [1]: x = (25−t1, 35−t1−t2, t1,−15+t1+t2, t1, t2, 35−
t1 − t2, 0)T . It is not an Einstein nilradical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
1.1(vi) n7,38 L
7
74(n3) (1, 3, 4, 5, 7)E
dim Der
11
dim Derived Series
(7, 4, 1, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e6] = e7, [e2, e3] = e5, [e2, e5] =
e7, [e3, e4] = −e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1 −1
0 3 0 1 1 0 0
1 0 3 1 1 −1 1
1 1 1 3 0 1 1
0 1 1 0 3 0 1
1 0 −1 1 0 3 1
−1 0 1 1 1 1 3

General solution to Ux = [1]: x = (t1,
2
5 ,
3
5 − t1,−15 , 0, 35 − t1, t1)T . It is not
an Einstein nilradical.
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
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1.2(iλ)
λ 6= 0, 1
n
λ
7,52
[C]
L874(3C)
[C]
(1, 3, 5, 7)S
[C]
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e3] = e6, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = λe5, [e2, e4] =
e6, [e2, e6] = e7, [e3, e4] = (1− λ)e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 0 1 −1
1 3 1 1 1 1 −1 1
0 1 3 0 1 1 0 1
1 1 0 3 −1 0 1 1
1 1 1 −1 3 1 1 1
0 1 1 0 1 3 0 1
1 −1 0 1 1 0 3 1
−1 1 1 1 1 1 1 3

A solution to Ux = [1]: x = 144(7, 6, 8, 7, 3, 8, 10, 3)
T . It is an Einstein
nilradical.
Pre-Einstein Derivation: 411 Diag(1, 1, 2, 2, 3, 3, 4)
||Sβ||2 = 1113 ≈ 0.846
1.2(iλ)
λ = 0
n
λ
7,52
[C]
L874(3C)
[C]
(1, 3, 5, 7)S
[C]
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e3] = e6, [e1, e4] = e5, [e1, e5] = e7, [e2, e4] = e6, [e2, e6] =
e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 0 1 −1
1 3 1 1 1 −1 1
0 1 3 0 1 0 1
1 1 0 3 0 1 1
0 1 1 0 3 0 1
1 −1 0 1 0 3 1
−1 1 1 1 1 1 3

A solution to Ux = [1]: x = 122 (5, 3, 4, 2, 4, 5, 3)
T . It is an Einstein nilradical.
Pre-Einstein Derivation: 411 Diag(1, 1, 2, 2, 3, 3, 4)
||Sβ||2 = 1113 ≈ 0.846
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1.2(iλ)
λ = 1
n
λ
7,52
[C]
L874(3C)
[C]
(1, 3, 5, 7)S
[C]
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e3] = e6, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e5, [e2, e4] =
e6, [e2, e6] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 0 1
1 3 1 1 1 1 −1
0 1 3 0 1 1 0
1 1 0 3 −1 0 1
1 1 1 −1 3 1 1
0 1 1 0 1 3 0
1 −1 0 1 1 0 3

A solution to Ux = [1]: x = 122 (2, 3, 4, 5, 3, 4, 5)
T . It is an Einstein nilradical.
Pre-Einstein Derivation: 411 Diag(1, 1, 2, 2, 3, 3, 4).
||Sβ||2 = 1113 ≈ 0.846
1.2(ii) L1174(n3)
(1, 3, 5, 7)S
ξ = 0
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e7, [e1, e6] = e7, [e2, e3] = e6,
[e2, e4] = e6, [e2, e5] = e7, [e3, e4] = −e7
It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
Einstein Pre-Derivation φ = 411 Diag(1, 1, 2, 2, 3, 3, 4).
Let X = Diag(1,−1, 0, 0, 1,−1, 0). X ∈ gφ therefore gt = exp(tX) ∈ Gφ.
gt·µ =
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e
−2te7, [e1, e6] = e7, [e2, e3] = e6,
[e2, e4] = e6, [e2, e5] = e7, [e3, e4] = −e7
The Gφ−orbit of µ is not closed because gt · µ → µ˜ as t → ∞ and (R7, µ˜)
is non-isomorphic to (R7, µ); (R7, µ) has rank = 1 and (R7, µ˜) has rank = 2
with maximal torus generated by D1 = Diag(1, 0, 1, 1, 2, 1, 2) and D2 =
Diag(0, 1, 1, 1, 1, 2, 2)
1.2(iii) n7,54 L
39
74(3C) (2, 3, 5, 7)D
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
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[e1, e2] = e4, [e1, e3] = e6, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e5, [e2, e4] =
e6, [e3, e4] = −e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 0 −1
1 3 1 1 1 1 1
0 1 3 0 1 1 1
1 1 0 3 −1 0 1
1 1 1 −1 3 1 1
0 1 1 0 1 3 1
−1 1 1 1 1 1 3

General solution to Ux = [1]: x = ( 111 + t1,− 111 , 211 , 511 − t1, 411 − t1, 211 , t1)T .
It is not an Einstein nilradical.
Pre-Einstein Derivation: 411 Diag(1, 1, 2, 2, 3, 3, 4)
1.2(iv) n7,72 L
16
74(3C) (1, 3, 5, 7)H
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e6, [e1, e5] = −e7, [e1, e6] = e7, [e2, e3] = e5,
[e2, e5] = e7, [e3, e4] = e7
It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
Einstein Pre-Derivation φ = 411 Diag(1, 1, 2, 2, 3, 3, 4).
Let X = Diag(3,−10, 18,−8, 7,−6,−4). X ∈ gφ therefore gt = exp(tX) ∈
Gφ.
gt·µ =
{
[e1, e2] = e
−te4, [e1, e4] = e−te6, [e1, e5] = −e−14te7, [e1, e6] = e−te7,
[e2, e3] = e
−te5, [e2, e5] = e−te7, [e3, e4] = e−14te7
The Gφ−orbit of µ is not closed because gt · µ→ 0 as t→∞
1.3(iλ)
λ 6= 0 n
λ
7,62
L1574(3C)
(α = λ)
(1, 3, 5, 7)N
ξ = λ
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6,
[e2, e4] = λe7, [e2, e5] = e7, [e3, e5] = e7
For any λ 6= 0, g1.3(iλ) is an Einstein nilradical. We prove this by con-
tradiction; assume that g1.3(iλ) is not an Einstein nilradical. The derivation
φ given by the diagonal matrix 517 Diag(1, 2, 2, 3, 3, 4, 5) with respect to the
basis {ei} is pre-Einstein. It follows from [F, Theorem 2.6] that the orbit
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Gφ · µ is not closed and so there exist a symmetric matrix A ∈ gφ such
that µ degenerates by the action of the one-parameter subgroup exp(tA)
as t → ∞. As A ∈ gφ and A is a symmetric matrix, then there exist
X = Diag(a1, ..., a7) ∈ gφ and A(α), B(β) in SO2(R) such that
A = Diag(1, A(−α), B(−β), 1, 1)X Diag(1, A(α), B(β), 1, 1).
As the action is continuous, it follows that µ also degenerates by the action
of
gt := exp(tX)Diag(1, A(α), B(β), 1, 1)
as t → ∞. The contradiction will be found in this last fact. The action of
gt in µ is
gt·µ =

[e1, e2] = e
−t(a1+a2−a4) cos (α− β) e4 − e−t(a1+a2−a5) sin (α− β) e5,
[e1, e3] = e
−t(a1+a3−a4) sin (α− β) e4 + e−t(a1+a3−a5) cos (α− β) e5,
[e1, e4] = e
−t(a1+a4−a6) cos (β) e6, [e1, e5] = e−t(a1+a5−a6) sin (β) e6,
[e1, e6] = e
−t(a1+a6−a7)e7, [e2, e3] = e−t(a2+a3−a6)e6,
[e2, e4] = e
−t(a2+a4−a7)f2,4(α, β)e7,
[e2, e5] = e
−t(a2+a5−a7)f2,5(α, β)e7,
[e3, e4] = e
−t(a3+a4−a7)f3,4(α, β)e7,
[e3, e5] = e
−t(a3+a5−a7)f3,5(α, β)e7,
where
f2,4(α, β) = (cos (α) cos (β)λ+ sin (α) sin (β)− cos (α) sin (β))
f2,5(α, β) = (cos (α) sin (β)λ− sin (α) cos (β) + cos (α) cos (β))
f3,4(α, β) = (sin (α) cos (β)λ− cos (α) sin (β)− sin (α) sin (β))
f3,5(α, β) = (sin (α) sin (β)λ+ cos (α) cos (β) + sin (α) cos (β)).
Depending on the values of α and β, some terms are zero in the Lie algebra
law gt · µ and since the degeneration is determinated for non-zero terms,
our attention should be at the exponents of the exponential factor of such
terms; when t > 0, such exponent must be non negative. We consider
p1 := a1 + a2 + a3 + a4 + a5 + a6 + a7,
p2 := a1 + 2a2 + 2a3 + 3a4 + 3a5 + 4a6 + 5a7,
q1 := a1 + a2 − a4 − b21, q2 := a1 + a2 − a5 − b22,
q3 := a1 + a3 − a4 − b23, q4 := a1 + a3 − a5 − b24,
q5 := a1 + a4 − a6 − b25, q6 := a1 + a5 − a6 − b26,
q7 := a1 + a6 − a7 − b27, q8 := a2 + a3 − a6 − b28,
q9 := a2 + a4 − a7 − b29, q10 := a2 + a5 − a7 − b210,
q11 := a3 + a4 − a7 − b211, q12 := a3 + a5 − a7 − b212,
where p1 and p2 correspond to that X ∈ gφ and q1, ..., q12 correspond to the
observation above.
It is easy to see that pairs of functions {f2,4, f2,5}, {f2,4, f3,4}, {f2,5, f3,5}
and {f3,4, f3,5} do not vanish simultaneously (as sin and cos). We have the
following cases depending on which terms are non zero.
I) cos(β) and sin(β) are non zero
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1. cos(α− β), f2,4, f3,4 are non zero
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0, q6 = 0} ∪ {q1 =
0, q4 = 0} ∪ {q9 = 0} ∪ {q11 = 0}.
By solving this system, we have b1 =
√
b28 − b211 + b27,
b4 =
1
2
√
−12b27 − 10b28 − 4b29 − 8b26, b5 = 12
√
−16b27 − 14b28 − 4b26 and b6, b7, b8,
b9, b11 ∈ R .
Therefore b6 = 0, b7 = 0, b8 = 0, b9 = 0 and it follows that b4 = 0, b5 = 0
and b1 = ±ib11. So it must be that b11 = 0 and then b1 = 0. There is no
non-trivial degeneration.
2. cos(α− β), f2,4, f3,5 are non zero
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0, q6 = 0} ∪ {q1 =
0, q4 = 0} ∪ {q9 = 0} ∪ {q12=0}.
By solving this system, we have b1 =
1
2
√
20b27 + 18b
2
8 + 8b
2
6 − 4b212, b4 =
1
2
√
−8b26 − 12b27 − 10b28 − 4b29, b5 = 12
√
−4b26 − 16b27 − 14b28 and b6, b7, b8, b9,
b12 ∈ R.
Therefore b6 = 0, b7 = 0, b8 = 0, b9 = 0 and it follows that b4 = 0, b5 = 0
and b1 = ±ib12. So it must be that b12 = 0 and then b1 = 0. There is no
non-trivial degeneration.
3. cos(α− β), f2,5, f3,4 are non zero
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0, q6 = 0} ∪ {q1 =
0, q4 = 0} ∪ {q10 = 0} ∪ {q11 = 0}.
By solving this system, we have b1 =
√
−b211 + b27 + b28, b10 =
√
−b24 + b27 + b28,
b5 =
1
2
√
−16b27 − 14b28 − 4b26 and b6, b7, b8, b11, b4 ∈ R.
Therefore b6 = 0, b7 = 0, b8 = 0 and it follows that b5 = 0, b1 = ±ib11,
b10 = ±ib4. So it must be that b11 = 0, b4 = 0 and then b1 = 0 and b10 = 0.
There is no non-trivial degeneration.
4. cos(α− β), f2,5, f3,5 are non zero
Since f2,4 and f3,4 do not vanish simultaneously, this case is included in
the case I) 2. and I) 3. There is no non-trivial degeneration.
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5. sin(α− β), f2,4, f3,4 are non zero
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0, q6 = 0} ∪ {q2 =
0, q3 = 0} ∪ {q9 = 0} ∪ {q11 = 0}.
By solving this system, we have b11 =
1
2
√
−12b27 − 10b28 − 4b22 − 8b26, b3 =√
b28 − b29 + b27, b5 = 12
√
−16b27 − 14b28 − 4b26 and b6, b7, b8, b9, b2 ∈ R.
Therefore b7 = 0, b8 = 0, b2 = 0 b6 = 0 and it follows that b11 = 0,
b3 = ±ib9, b5 = 0. So it must be that b9 = 0, and then b3 = 0. There is no
non-trivial degeneration.
6. sin(α− β), f2,4, f3,5 are non zero
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0, q6 = 0} ∪ {q2 =
0, q3 = 0} ∪ {q9 = 0} ∪ {q12 = 0}.
By solving this system, we have b12 =
√
b27 + b
2
8 − b22, b3 =
√
b27 + b
2
8 − b29,
b5 =
1
2
√
−16b27 − 14b28 − 4b26 and b2, b6, b7, b8, b9 ∈ R.
Therefore b6 = 0, b7 = 0, b8 = 0 and it follows that b12 = ±ib2, b3 = ±ib9,
b5 = 0. So it must be that b9 = 0, b2 = 0, and then b12 = 0 and bb3 . There
is no non-trivial degeneration.
7. sin(α− β), f2,5, f3,4 are non zero
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0, q6 = 0} ∪ {q2 =
0, q3 = 0} ∪ {q10 = 0} ∪ {q11 = 0}.
By solving this system, we have b10 =
1
2
√
20b27 + 18b
2
8 − 4b23 + 8b26, b11 =
1
2
√
−12b27 − 10b28 − 4b22 − 8b26, b5 = 12
√
−16b27 − 14b28 − 4b26 and b6, b7, b8, b2,
b3 ∈ R.
Therefore b6 = 0, b7 = 0, b8 = 0, b2 = 0 and it follows that b11 = 0,
b5 = 0, b10 = ±ib3. So it must be that b3 = 0, and then b10 = 0. There is
no non-trivial degeneration.
8. sin(α− β), f2,5, f3,5 are non zero
Since f2,4 and f3,4 do not vanish simultaneously, this case is included in
the case I) 6. and I) 7. There is no non-trivial degeneration.
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II) cos(β) = 0 (sin(β) = ±1)
gt · µ =

[e1, e2] = e
−t(a1+a2−a4) ± sin(α)e4 − e−t(a1+a2−a5) ∓ cos(α)e5,
[e1, e3] = e
−t(a1+a3−a4) ∓ cos(α)e4 + e−t(a1+a3−a5) ± sin(α)e5,
[e1, e5] = e
−t(a1+a5−a6) ± e6,
[e1, e6] = e
−t(a1+a6−a7)e7, [e2, e3] = e−t(a2+a3−a6)e6,
[e2, e4] = e
−t(a2+a4−a7)(± sin(α) ∓ cos(α))e7,
[e2, e5] = e
−t(a2+a5−a7) ± λ cos(α)e7,
[e3, e4] = e
−t(a3+a4−a7)(∓ cos(α)∓ sin(α))e7,
[e3, e5] = e
−t(a3+a5−a7) ∓ λ sin(α)e7
1. sin(α) and cos(α) are non zero
We recall that f2,4 and f3,4 do not vanish simultaneously.
a. f2,4 is no null
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q6 = 0} ∪ {q1 = 0, q2 =
0, q3 = 0, q4 = 0} ∪ {q10 = 0, q12 = 0} ∪ {q9 = 0}.
By solving this system, we have
i) 8b27 + 7b
2
8 + 4b
2
6 − 2b21 + 2b22 = 0
ii) 10b27 + 9b
2
8 + 4b
2
6 − 2b210 − 2b23 = 0
iii) 2b27 + 2b
2
8 − 2b210 − 2b24 = 0
iv) 10b27 + 9b
2
8 + 4b
2
6 − 2b21 − 2b212 = 0
v) 8b27 + 7b
2
8 + 4b
2
6 − 2b210 + 2b29 = 0
we solve the equation iii) for 2b210 and substitute this expression in v)
8b27 + 7b
2
8 + 4b
2
6 + (2b
2
4 − 2b27 − 2b28) + 2b29 = 0
Therefore b7 = 0, b8 = 0, b6 = 0, b4 = 0 and b9 = 0 and it follows that
b10 = 0, b
2
10 + b
2
3 = 0, b
2
1 + b
2
12 = 0, b
2
1 − b2 = 0. So it must be that b10 = 0,
b3 = 0, b1 = 0, b12 = 0 and b2 = 0. There is no non-trivial degeneration.
b. f3,4 is no null
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q6 = 0} ∪ {q1 = 0, q2 =
0, q3 = 0, q4 = 0} ∪ {q10 = 0, q12 = 0} ∪ {q11 = 0}.
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By solving this system, we have
i) 8b27 + 7b
2
8 + 4b
2
6 − 2b21 + 2b22 = 0
ii) 10b27 + 9b
2
8 + 4b
2
6 − 2b210 − 2b23 = 0
iii) 2b27 + 2b
2
8 − 2b210 − 2b24 = 0
iv) 10b27 + 9b
2
8 + 4b
2
6 − 2b21 − 2b212 = 0
v) 2b27 + 2b
2
8 − 2b21 − 2b211 = 0
we solve the equation v) for 2b21 and substitute this expression in i)
8b27 + 7b
2
8 + 4b
2
6 + (2b
2
11 − 2b27 − 2b28) + 2b22 = 0
Therefore b7 = 0, b8 = 0, b6 = 0, b11 = 0, b2 = 0 and it follows that
b21 + b
2
11 = 0, b
2
1 + b
2
12 = 0, b
2
10 + b
2
4 = 0, b
2
10 + b
2
3 = 0 and b
2
1 − b22 = 0. So it
must be that b1 = 0, b12 = 0, b
2
10 = 0, b4 = 0, b
2
3 = 0 and b2 = 0. There is
no non-trivial degeneration.
2. sin(α) = 0 (cos(α) = ±1)
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q6 = 0} ∪ {q2 = 0, q3 =
0} ∪ {q9 = 0, q10 = 0, q11 = 0}.
By solving this system, we have b10 =
1
2
√
16b27 + 14b
2
8 + 4b
2
9 + 8b
2
6, b2 =
1
2
√
−4b211 − 8b26 − 10b28 − 12b27, b3 =
√
−b29 + b28 + b27 and b6, b7, b8, b9, b11 ∈
R. Therefore b6 = 0, b7 = 0, b8 = 0, b9 = 0 and it follows that b10 = 0,
b3 = 0 and b2 = ±ib11. So it must be that b11 = 0. There is no non-trivial
degeneration.
3. cos(α) = 0 (sin(α) = ±1)
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q6 = 0} ∪ {q1 = 0, q4 =
0} ∪ {q9 = 0, q11 = 0, q12 = 0}.
By solving this system, we have b1 =
√
−b211 + b28 + b27,
b12 =
1
2
√
16b27 + 14b
2
8 + 4b
2
11 + 8b
2
6, b9 =
1
2
√
−4b24 − 8b26 − 10b28 − 12b27 and
b11, b4, b6, b7, b8 ∈ R. Therefore b4 = 0 b6 = 0, b7 = 0, b8 = 0 and it follows
that b9 = 0, b12 = b11, and b1 = ±ib11. So it must be that b11 = 0 and then
b12 = 0, b1 = 0. There is no non-trivial degeneration.
III) sen(β) = 0 (cos(β) = ±1)
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gt · µ =

[e1, e2] = e
−t(a1+a2−a4) ± cos (α) e4 − e−t(a1+a2−a5) ± sin (α) e5,
[e1, e3] = e
−t(a1+a3−a4) ± sin (α) e4 + e−t(a1+a3−a5) ± cos (α) e5,
[e1, e4] = e
−t(a1+a4−a6) ± e6,
[e1, e6] = e
−t(a1+a6−a7)e7, [e2, e3] = e−t(a2+a3−a6)e6,
[e2, e4] = e
−t(a2+a4−a7) ± cos(α)λe7,
[e2, e5] = e
−t(a2+a5−a7)(∓ sin(α) ± cos(α))e7,
[e3, e4] = e
−t(a3+a4−a7) ± sin(α)λe7,
[e3, e5] = e
−t(a3+a5−a7)(± cos(α) ± sin(α))e7
1. sin(α) and cos(α) are non zero
We recall that f2,5 and f3,5 do not vanish simultaneously.
a. f2,5 is no null
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0} ∪ {q1 = 0, q2 =
0, q3 = 0, q4 = 0} ∪ {q9 = 0, q11 = 0} ∪ {q10 = 0}.
i) 8b27 + 7b
2
8 + 4b
2
5 − 2b22 + 2b21 = 0
ii) 2b27 + 2b
2
8 − 2b29 − 2b23 = 0
iii) 10b27 + 9b
2
8 + 4b
2
5 − 2b29 − 2b24 = 0
iv) b27 + b
2
8 − b21 − b211 = 0
v) 8b27 + 7b
2
8 − 2b29 + 4b25 + 2b210 = 0
We solve the equation ii) for 2b29 and substitute this expression in v)
8b27 + 7b
2
8 + (2b
2
3 − 2b27 − 2b28) + 4b25 + 2b210 = 0
Therefore b7 = 0, b8 = 0, b3 = 0, b5 = 0, b10 = 0 and it follows that
b21+ b
2
11 = 0, b
2
9 + b
2
4, b
2
9 + b
2
3 = 0 and b
2
2 + b
2
1 = 0. So it must be that b
2
1 = 0,
b211 = 0, b
2
9 = 0, b
2
4 = 0, b
2
2 = 0. There is no non-trivial degeneration.
b. f3,5 is no null
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0} ∪ {q1 = 0, q2 =
0, q3 = 0, q4 = 0} ∪ {q9 = 0, q11 = 0} ∪ {q10 = 0}.
By solving this system, we have
i) 8b27 + 7b
2
8 + 4b
2
5 − 2b22 + 2b21 = 0
ii) 2b27 + 2b
2
8 − 2b29 − 2b23 = 0
iii) 10b27 + 9b
2
8 + 4b
2
5 − 2b29 − 2b24 = 0
iv) b27 + b
2
8 − b21 − b211 = 0
v) 6b27 + 5b
2
8 + 2b
2
1 + 4b
2
5 + 2b
2
12 = 0
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By v) it is follows that b7 = 0, b8 = 0, b1 = 0, b5 = 0, b12 = 0 and so
b22+b
2
1 = 0, b
2
9+b
2
3 = 0, b
2
9+b
2
4 = 0, b
2
11 = 0. So it must be that b1 = 0, b2 = 0,
b3 = 0, b4 = 0, b9 = 0 and b11 = 0. There is no non-trivial degeneration.
2. sin(α) = 0 (cos(α) = ±1)
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0} ∪ {q1 = 0, q4 =
0} ∪ {q9 = 0, q10 = 0, q12 = 0}.
By solving this system, we have b12 =
1
2
√
−4b21 − 8b25 − 10b28 − 12b27, b4 =√
−b210 + b28 + b27, b9 = 12
√
16b27 + 14b
2
8 + 4b
2
10 + 8b
2
5, b1, b10, b5, b7, b8 ∈ R.
Therefore b5 = 0, b7 = 0, b8 = 0, b1 = 0 and it follows that b12 = 0,
b4 = ±ib10, b9 = b10. So it must be that b10 = 0 and then b4 = 0, b9 = 0.
There is no non-trivial degeneration.
3. cos(α) = 0 (sin(α) = ±1)
In this case, the degeneration gives a non-trivial solution to the system of
polynomial equations {p1 = 0, p2 = 0, q7 = 0, q8 = 0, q5 = 0} ∪ {q2 = 0, q3 =
0} ∪ {q10 = 0, q12 = 0, q11 = 0}.
By solving this system, we have b11 =
1
2
√
16b27 + 14b
2
8 + 4b
2
12 + 8b
2
5, b2 =√
−b212 + b28 + b27, b3 = 12
√
−4b210 − 8b25 − 10b28 − 12b27, b5, b7, b8, b12, b10. There-
fore b5 = 0, b7 = 0 b8 = 0, b10 = 0 and it follows that b12 = b11, b2 = ±ib11,
b3 = 0. So it must be that b11 = 0 and then b12 = 0, b2 = 0. There is no
non-trivial degeneration.
In any case, There is no non-trivial degeneration. So, 1.3(iλ) must be
Einstein nilradical for any λ 6= 0
Pre-Einstein Derivation: 517 Diag(1, 2, 2, 3, 3, 4, 5)
||Sβ||2 = 1719 ≈ 0.895
1.3(iλ)
λ = 0
n
λ
7,62
λ = 0
L1574(3C)
[C]
(1, 3, 5, 7)N
(ξ = 0)
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] =
e7, [e3, e5] = e7
It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
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Einstein Pre-Derivation 517 Diag(1, 2, 2, 3, 3, 4, 5).
LetX = Diag
(
1,
(
0 2
2 0
)
,−1,−1, 0, 1
)
. X ∈ gφ therefore gt = exp(tX) ∈
Gφ.
gt · µ =

[e1, e2] =
1
2(1 + e
−4t)e4 +
1
2(e
−4t − 1)e5,
[e1, e3] =
1
2(e
−4t − 1)e4 + 12(1 + e−4t)e5,
[e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = e7, [e3, e5] = e7
The Gφ−orbit of µ is not closed because gt · µ→ µ˜ as t→∞ and (R7, µ˜) is
non-isomorphic to (R7, µ); dimDer(R7, µ) = 13 and dimDer(R7, µ˜) = 14
1.3(ii) n7,63 (1, 3, 5, 7)L
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6,
[e2, e4] = e7, [e2, e5] =
1
2e7, [e3, e4] = −12e7
It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
Einstein Pre-Derivation φ = 517 Diag(1, 2, 2, 3, 3, 4, 5).
Let X = Diag(−145, 730,−294, 293,−731, 148,−1). X ∈ gφ therefore gt =
exp(tX) ∈ Gφ.
gt · µ =

[e1, e2] = e
−292 te4, [e1, e3] = e−292 te5, [e1, e4] = e6,
[e1, e6] = e
−4 te7, [e2, e3] = e−288 te6, [e2, e4] = e−1024 te7,
[e2, e5] =
1
2e7, [e3, e4] = −12e7
The Gφ−orbit of µ is not closed because gt · µ→ µ˜ as t→∞ and (R7, µ˜) is
non-isomorphic to (R7, µ); dimDer(R7, µ) = 14 and dimDer(R7, µ˜) = 21
1.3(iii) n7,65 L
18
74(3C) (1, 3, 5, 7)F
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e4] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 0 0
1 3 1 1 0 0
0 1 3 0 1 0
1 1 0 3 1 1
0 0 1 1 3 1
0 0 0 1 1 3

General solution to Ux = [1]: x = 134(9, 5, 8, 2, 5, 9)
T . It is an Einstein
nilradical.
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Pre-Einstein Derivation: 517 Diag(1, 2, 2, 3, 3, 4, 5).
||Sβ||2 = 1719 ≈ 0.895
1.3(iv) n7,87 L
35
74(3C) (2, 4, 7)R
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e2, e3] = e6, [e2, e4] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 0 0
1 3 1 1 0 0
0 1 3 1 1 0
1 1 1 3 1 1
0 0 1 1 3 1
0 0 0 1 1 3

General solution to Ux = [1]: x = 117(5, 3, 4,−1, 3, 5)T . It is not an Einstein
nilradical.
Pre-Einstein Derivation: 517 (1, 2, 2, 3, 3, 4, 5)
1.3(v) n7,99 L
20
74(n3) (1, 3, 5, 7)C
dim Der
13
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e4] = e7,
[e3, e4] = −e7, [e3, e5] = −e7
It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
Einstein Pre-Derivation φ = 517 Diag(1, 2, 2, 3, 3, 4, 5).
Let X = Diag(−1, 2,−2, 1, 1, 0,−1). X ∈ gφ therefore gt = exp(tX) ∈ Gφ.
gt · µ =
{
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6,
[e2, e4] = e
−4te7, [e3, e4] = −e7, [e3, e5] = −e7
The Gφ−orbit of µ is not closed because gt · µ → µ˜ as t → ∞ and (R7, µ˜)
is non-isomorphic to (R7, µ); (R7, µ) has rank = 1 and (R7, µ˜) has rank = 2
with maximal torus generated by D1 = Diag(1, 0, 2, 1, 1, 2, 3) and D2 =
Diag(0, 1, 0, 1, 1, 1, 1)
1.4 n7,8 L
31
75 (1, 2, 3, 4, 5, 7)
dim Der
12
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
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[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] =
e6, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 0 1
0 3 0 1 1 1 −1
1 0 3 0 1 0 1
1 1 0 3 0 1 0
1 1 1 0 3 −1 1
0 1 0 1 −1 3 1
1 −1 1 0 1 1 3

A solution to Ux = [1]: x = 1100 (10, 21, 18, 16, 18, 21, 18)
T . It is an Einstein
nilradical.
Pre-Einstein Derivation: 17100 Diag(1, 3, 4, 5, 6, 7, 8).
||Sβ||2 = 5061 ≈ 0.8196721312
1.5 n7,12 L
36
74(n3) (2, 3, 4, 5, 7)D
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e2, e3] = e6, [e2, e5] =
−e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1 −1
0 3 0 1 1 0 0
1 0 3 0 0 −1 1
1 1 0 3 1 1 0
0 1 0 1 3 1 1
1 0 −1 1 1 3 1
−1 0 1 0 1 1 3

A solution to Ux = [1]: x = 131 (7, 9, 8, 2, 2, 7, 7)
T . It is an Einstein nilradical.
Pre-Einstein Derivation: 531 Diag(1, 3, 4, 5, 6, 7, 9).
||Sβ||2 = 3142 ≈ 0.7380952381
1.6 n7,9 L
32
75 (1, 2, 3, 4, 5, 7)B
dim Der
12
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 1 0
0 3 0 1 1 1
1 0 3 0 1 0
1 1 0 3 0 0
1 1 1 0 3 1
0 1 0 0 1 3

General solution to Ux = [1]: x = 134(5, 5, 9, 8, 2, 9)
T . It is an Einstein
nilradical.
Pre-Einstein Derivation: 534 Diag(1, 4, 5, 6, 7, 8, 9).
||Sβ||2 = 1719 ≈ 0.8947368421
1.7 L5675 (2, 4, 7)O
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e5] = e7, [e2, e3] = e6, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 0
1 3 1 0 1 0
0 1 3 1 1 1
1 0 1 3 0 1
1 1 1 0 3 1
0 0 1 1 1 3

General solution to Ux = [1]: x = 129(5, 6, 3, 5, 3, 6)
T . It is an Einstein
nilradical.
Pre-Einstein Derivation: 529 Diag(2, 3, 4, 5, 6, 7, 8).
||Sβ||2 = 2928 ≈ 1.04
1.8 n7,70 L
14
74(3C) (1, 3, 5, 7)J
dim Der
11
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e4] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 0
0 3 0 0 1 0
1 0 3 0 1 1
1 0 0 3 1 0
0 1 1 1 3 1
0 0 1 0 1 3

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General solution to Ux = [1]: x = 1139 (24, 48, 27, 40,−5, 39)T . It is not an
Einstein nilradical.
Pre-Einstein Derivation: 20139 Diag(2, 4, 3, 6, 7, 8, 10)
1.9 n7,59 L
55
75 (2, 4, 5, 7)K
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e3] = e6, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e7, [e2, e4] = e6
{e1...e7} is a nice basis.
U =

3 1 0 1 1 0
1 3 1 1 1 1
0 1 3 0 0 1
1 1 0 3 1 0
1 1 0 1 3 1
0 1 1 0 1 3

General solution to Ux = [1]: x = 167 (15,−1, 18, 15, 8, 14)T . It is not an
Einstein nilradical.
Pre-Einstein Derivation: 1067 Diag(2, 3, 6, 5, 7, 8, 9)
1.10 n7,29 L
36
75 (1, 3, 4, 5, 7)F
dim Der
11
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e5] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1
0 3 0 1 1 0
1 0 3 0 0 0
1 1 0 3 0 1
0 1 0 0 3 0
1 0 0 1 0 3

General solution to Ux = [1]: x = 1353(35, 68, 106, 54, 95, 88)
T . It is Einstein
nilradical.
Pre-Einstein Derivation: 45353 Diag(2, 3, 5, 7, 8, 9, 11).
||Sβ||2 = 353446 ≈ 0.792
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1.11 n7,46 L
3
74(3C) (1, 2, 4, 5, 7)E
dim Der
11
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e6,
[e2, e4] = e6, [e2, e5] = e7, [e3, e4] = −e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0
√
2170
155 0 0 0 0 0
0 0 −
√
3990
1767
7
√
3990
8835 0 0 0
0 0
√
42
93
√
42
93 0 0 0
0 0 0 0 28
√
5890
91295 0 0
0 0 0 0 0 56
√
95
91295 0
0 0 0 0 0 0 28
√
23870
2830145


1 0 0 0 0 0 0
0
√
2170
14 0 0 0 0 0
0 0 −31
√
3990
168
31
√
42
24 0 0 0
0 0 31
√
3990
168
155
√
42
168 0 0 0
0 0 0 0 31
√
5890
56 0 0
0 0 0 0 0 961
√
95
56 0
0 0 0 0 0 0 18259
√
23870
4312

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=

[e1, e2] =
7
√
1767
1767 e3 +
√
465
93 e4, [e1, e3] =
√
651
93 e5, [e1, e4] =
√
61845
1767 e5,
[e1, e5] =
√
62
31 e6, [e1, e6] =
√
90706
1178 e7, [e2, e4] =
4
√
1767
589 e6,
[e2, e5] =
√
64790
1178 e7, [e3, e4] =
√
90706
1178 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−19
31
,−13
31
,− 7
31
,− 7
31
,− 1
31
,
5
31
,
11
31
)
= −25
31
Id +
6
31
Diag(1, 2, 3, 3, 4, 5, 6)
Since Diag(1, 2, 3, 3, 4, 5, 6) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 2531 ≈ 0.806
1.12 n7,49 L
44
75 (1, 3, 4, 5, 7)D
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e7,
[e2, e4] = e6, [e2, e5] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0
√
14322
434 0 0 0 0 0
0 0 33
√
1085
53816 0
33
√
1085
53816 0 0
0 0 0 3
√
385
868 0 0 0
0 0 −3
√
23870
26908 0
3
√
23870
53816 0 0
0 0 0 0 0 99
√
35
107632 0
0 0 0 0 0 0 99
√
11935
6673184


1 0 0 0 0 0 0
0
√
14322
33 0 0 0 0 0
0 0 248
√
1085
495 0 −124
√
23870
495 0 0
0 0 0 124
√
385
165 0 0 0
0 0 496
√
1085
495 0
124
√
23870
495 0 0
0 0 0 0 0 15376
√
35
495 0
0 0 0 0 0 0 30752
√
11935
5445

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
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µ˜ :=
{
[e1, e2] =
√
930
124 e4, [e1, e3] =
√
31
31 e6, [e1, e4] =
√
341
62 e3 +
√
62
62 e5,
[e1, e5] =
√
682
124 e6, [e1, e6] =
√
341
62 e7, [e2, e3] =
√
1302
124 e7, [e2, e4] =
√
1302
124 e6
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−41
62
,− 57
124
,− 7
124
,− 8
31
,− 7
124
,
9
62
,
43
124
)
= −107
124
Id +
25
124
Diag(1, 2, 4, 3, 4, 5, 6)
Since (1, 2, 4, 3, 4, 5, 6) is a derivation of the Lie algebra (R7, µ˜) then by [F,
Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 107124 ≈ 0.863
1.13 n7,30 L
37
75 (2, 3, 4, 5, 7)E
dim Der
12
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e1, e5] = e7, [e1, e6] = e7,
[e2, e3] = e5, [e2, e4] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0
√
17
17 0 0 0 0 0
0 0 3
√
2
68 0 0 0 0
0 0 0 3
√
238
2312 0 0 0
0 0 0 0 9
√
154
25432
9
√
154
25432 0
0 0 0 0 3
√
77
12716 −21
√
77
50864 0
0 0 0 0 0 0 9
√
119
78608


1 0 0 0 0 0 0
0
√
17 0 0 0 0 0
0 0 34
√
2
3 0 0 0 0
0 0 0 68
√
238
21 0 0 0
0 0 0 0 1156
√
154
99
4624
√
77
231 0
0 0 0 0 4624
√
154
693 −4624
√
77
231 0
0 0 0 0 0 0 4624
√
119
63

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] =
3
√
34
68 e3, [e1, e3] =
√
119
34 e4, [e1, e4] =
3
√
187
187 e5 − 7
√
374
748 e6,
[e1, e5] =
√
374
68 e7, [e2, e3] =
3
√
1309
374 e5 +
√
2618
374 e6, [e2, e4] =
3
√
34
68 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−45
68
,− 8
17
,−19
68
,− 3
34
,
7
68
,
7
68
,
5
17
)
= −29
34
Id +
13
68
Diag(1, 2, 3, 4, 5, 5, 6)
Since Diag(1, 2, 3, 4, 5, 5, 6) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 2934 ≈ 0.853
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1.14 n7,27 L
32
74(n3) (2, 3, 4, 5, 7)F
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e2, e3] = e5, [e2, e5] = −e7,
[e2, e6] = −e7, [e3, e4] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0 3
√
293683
2378 0 0 0 0 0
0 0 −57
√
299
4756 0 0 0 0
0 0 0 −741
√
667
275848 0 0 0
0 0 0 0 −51129
√
908314
2397670816 −51129
√
908314
2397670816 0
0 0 0 0 126711
√
99958
2397670816 −741
√
99958
58479776 0
0 0 0 0 0 0 2914353
√
5863
53789256608


1 0 0 0 0 0 0
0 2
√
293683
741 0 0 0 0 0
0 0 −4756
√
299
17043 0 0 0 0
0 0 0 −9512
√
667
17043 0 0 0
0 0 0 0 −5654884
√
908314
566355933
137924
√
99958
903279 0
0 0 0 0 −137924
√
908314
3312023 −137924
√
99958
903279 0
0 0 0 0 0 0 1311933088
√
5863
416752479

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=

[e1, e2] = −
√
519593
2378 e3, [e1, e3] =
√
377
58 e4,
[e1, e4] =
3
√
605845438
252068 e5 +
√
126034
6148 e6, [e2, e3] =
√
777722
6148 e5 − 3
√
58406
6148 e6,
[e2, e5] =
√
126034
1189 e7, [e3, e4] =
3
√
13079
1189 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−17
29
,−25
58
,− 8
29
,− 7
58
,
1
29
,
1
29
,
10
29
)
= −43
58
Id +
9
58
Diag(1, 2, 3, 4, 5, 5, 7)
Since Diag(1, 2, 3, 4, 5, 5, 7) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 4358 ≈ 0.741
1.15 n7,50 L
41
75 (1, 3, 4, 5, 7)B
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e7,
[e2, e4] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0
√
11
41 0 0 0 0 0
0 0 −5
√
47355
282408
2
√
47355
35301 0 0 0
0 0
√
1231230
70602
√
1231230
70602 0 0 0
0 0 0 0
√
1430
6724 0 0
0 0 0 0 0 11
√
2665
275684 0
0 0 0 0 0 0 11
√
130
275684


1 0 0 0 0 0 0
0 41
√
11
11 0 0 0 0 0
0 0 −328
√
47355
1155
656
√
1231230
15015 0 0 0
0 0 328
√
47355
1155
41
√
1231230
3003 0 0 0
0 0 0 0 3362
√
1430
715 0 0
0 0 0 0 0 6724
√
2665
715 0
0 0 0 0 0 0 137842
√
130
715

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
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µ˜ :=
{
[e1, e2] =
2
√
4305
861 e3 +
√
111930
1722 e4, [e1, e3] =
2
√
22386
861 e5, [e1, e4] =
5
√
861
1722 e5,
[e1, e5] =
√
902
82 e6, [e1, e6] =
√
82
41 e7, [e2, e4] =
√
861
82 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−61
82
,−31
82
,− 8
41
,− 8
41
,− 1
82
,
7
41
,
29
82
)
= −38
41
Id +
15
82
Diag(1, 3, 4, 4, 5, 6, 7)
Since Diag(1, 3, 4, 4, 5, 6, 7) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 3841 ≈ 0.927
1.16 L5075 (2, 4, 5, 7)D
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e3, [e1, e3] = e5, [e1, e4] = e6, [e1, e5] = e7, [e1, e6] = e7,
[e2, e3] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0
√
95
38 0 0 0 0 0
0 0
√
30
76
√
30
76 0 0 0
0 0
√
15
76 −
√
15
76 0 0 0
0 0 0 0
√
285
1444 −
√
285
1444 0
0 0 0 0 5
√
57
1444
5
√
57
1444 0
0 0 0 0 0 0 15
√
2
2888


1 0 0 0 0 0 0
0 2
√
95
5 0 0 0 0 0
0 0 19
√
30
15
38
√
15
15 0 0 0
0 0 19
√
30
15 −38
√
15
15 0 0 0
0 0 0 0 38
√
285
15
38
√
57
15 0
0 0 0 0 −38
√
285
15
38
√
57
15 0
0 0 0 0 0 0 1444
√
2
15

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] =
√
114
38 e3 +
√
57
38 e4, [e1, e3] =
√
190
38 e6, [e1, e4] =
√
19
19 e5,
[e1, e6] =
√
114
38 e7, [e2, e3] =
√
57
38 e7, [e2, e4] =
√
114
38 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−29
38
,− 9
19
,− 7
38
,− 7
38
,
2
19
,
2
19
,
15
38
)
= −20
19
Id +
11
38
Diag(1, 2, 3, 3, 4, 4, 5)
Since Diag(1, 2, 3, 3, 4, 4, 5) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 2019 ≈ 1.05
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1.17 n7,18 L
18
74(n3) (1, 2, 4, 5, 7)L
dim Der
11
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5,
[e2, e5] = e6, [e2, e6] = e7, [e3, e4] = −e7, [e3, e5] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 −1 0 0 0 0 0√
2
√
2 0 0 0 0 0
0 0
√
611
√
2
47 0 0 0 0
0 0 0
√
13
√
5
47
√
13
√
5
47 0 0
0 0 0
√
13
√
5
√
2
47 −
√
13
√
5
√
2
47 0 0
0 0 0 0 0 132209
√
47
√
5
√
2 0
0 0 0 0 0 0 65
√
3
2209


1
2
√
2
4 0 0 0 0 0
−12
√
2
4 0 0 0 0 0
0 0
√
611
√
2
26 0 0 0 0
0 0 0 47
√
13
√
5
130
47
√
13
√
5
√
2
260 0 0
0 0 0 47
√
13
√
5
130 −47
√
13
√
5
√
2
260 0 0
0 0 0 0 0 47
√
47
√
5
√
2
130 0
0 0 0 0 0 0 2209
√
3
195

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] =
√
611
94 e3, [e1, e3] =
√
235
47 e5, [e1, e5] =
√
611
94 e6, [e2, e3] =
√
235
94 e4,
[e2, e4] =
√
611
94 e6, [e2, e6] =
√
705
94 e7, [e3, e5] = −
√
705
94 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag
(
−23
47
,−23
47
,−27
94
,− 4
47
,− 4
47
,
11
94
,
15
47
)
= −65
94
Id +
19
94
Diag(1, 1, 2, 3, 3, 4, 5)
Since Diag(1, 1, 2, 3, 3, 4, 5) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 6594 ≈ 0.692
Another way to prove that 1.17 is an Einstein Nilradical
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1
8

4 4 0 0 0 0 0
−4 4 0 0 0 0 0
0 0 4 0 0 0 0
0 0 0 2 2 0 0
0 0 0 −2 2 0 0
0 0 0 0 0 2 0
0 0 0 0 0 0 1


1 −1 0 0 0 0 0
1 1 0 0 0 0 0
0 0 2 0 0 0 0
0 0 0 2 −2 0 0
0 0 0 2 2 0 0
0 0 0 0 0 4 0
0 0 0 0 0 0 8

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
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µ˜ :=
{
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5,
[e2, e5] = e6, [e3, e5] = e7
{e1...e7} is a nice basis of (Rn, µ˜)
U =

3 0 1 1 0 1 −1
0 3 0 1 1 0 1
1 0 3 0 0 1 0
1 1 0 3 0 −1 1
0 1 0 0 3 0 0
1 0 1 −1 0 3 1
−1 1 0 1 0 1 3

A solution to Uµ˜x = [1]: x =
1
65(13, 5, 13, 15, 20, 13, 15)
T . It is an Einstein
nilradical.
1.18 n7,57 (2, 4, 5, 7)J
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e6 + e7, [e2, e4] = e6
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =

2
√
94 0 0 0 0 0 0
0 −12√1551 0 0 0 0 0
0 0 18
√
1034 −54√1034 0 0 0
0 0 −198√94 −198√94 0 0 0
0 0 0 0 −2376√47 0 0
0 0 0 0 0 2376
√
20163 0
0 0 0 0 0 7128
√
141 −9504√141


√
94
188 0 0 0 0 0 0
0 −
√
1551
18612 0 0 0 0 0
0 0
√
1034
74448 −
√
94
24816 0 0 0
0 0 −
√
1034
74448 −
√
94
74448 0 0 0
0 0 0 0 −
√
47
111672 0 0
0 0 0 0 0
√
80652
95814576 0
0 0 0 0 0
√
20163
63876384 −
√
141
1340064

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] =
3
√
141
188 e3 +
√
1551
188 e4, [e1, e3] =
3
√
517
188 e5, [e1, e4] =
3
√
47
188 e5,
[e1, e5] =
√
282
47 e7, [e2, e3] =
√
94
94 e7, [e2, e4] =
√
1222
94 e6
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag
(
−33
47
,−43
94
,−10
47
,−10
47
,
3
94
,
13
47
,
13
47
)
= −89
94
Id +
23
94
Diag(1, 2, 3, 3, 4, 5, 5)
Since Diag(1, 2, 3, 3, 4, 5, 5) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 8994 ≈ 0.947
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1.19 n7,81 L
29
74(3C) (2, 4, 7)H
dim Der
11
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e7, [e1, e5] = e6, [e2, e4] = e6, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 0 0
1 3 1 0 0 0
0 1 3 1 1 1
1 0 1 3 1 1
0 0 1 1 3 0
0 0 1 1 0 3

General solution to Ux = [1]: x = 129(7, 7, 1, 1, 9, 9)
T . It is an Einstein
nilradical.
Pre-Einstein Derivation: 1329 Diag(1, 1, 1, 2, 2, 3, 3).
||Sβ||2 = 2934 ≈ 0.8529411765
1.20 n7,35 L
23
74(n3) (1, 2, 4, 5, 7)D
dim Der
11
dim Derived Series
(7, 4, 1, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e4, [e2, e4] = e6, [e2, e5] =
e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 0 1 1 −1
1 3 0 0 1 1 0
1 0 3 0 −1 1 1
0 0 0 3 0 1 0
1 1 −1 0 3 1 1
1 1 1 1 1 3 1
−1 0 1 0 1 1 3

General solution to Ux = [1]: x = (2447 − t, 1247 , 347 + t, 2047 , t,−1347 , 2747 − t)T . It
is not an Einstein nilradical.
Pre-Einstein Derivation: 847 Diag(1, 2, 3, 5, 6, 7, 8)
1.21 n7,36 L
15
74(n3) (1, 2, 4, 5, 7)F
dim Der
11
dim Derived Series
(7, 4, 1, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e2, e3] = e6, [e2, e4] = e6,
[e2, e6] = e7, [e4, e5] = −e7
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It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
Einstein Pre-Derivation φ = 25113 Diag(1, 2, 3, 3, 4, 5, 7).
Let X = Diag(−4, 23,−28, 10,−1,−8, 8). X ∈ gφ therefore gt = exp(tX) ∈
Gφ.
gt·µ =
{
[e1, e2] = e
−9te4, [e1, e4] = e−7te5, [e1, e5] = e−3te6, [e2, e3] = e−3te6,
[e2, e4] = e
−41te6, [e2, e6] = e−7te7, [e4, e5] = −e−te7
The Gφ−orbit of µ is not closed because gt · µ→ 0 as t→∞.
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4. Rank two
2.1(iλ)
λ 6= 0, 1 n
λ
7,64
L1774(3C)
[C]
(1, 3, 5, 7)M
ξ = λ, ξ 6= 0, 1
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] =
λe7, [e3, e4] = (λ− 1)e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 1 −1
1 3 1 1 1 −1 1
0 1 3 0 1 0 1
1 1 0 3 −1 1 1
1 1 1 −1 3 1 1
1 −1 0 1 1 3 1
−1 1 1 1 1 1 3

A solution to Ux = [1]: x = 138 (5, 7, 8, 6, 4, 9, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
||Sβ||2 = 1921 ≈ 0.905
2.1(iλ)
λ = 0
n
λ
7,64
λ = 0
L175 (2, 3, 5, 7)B
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e3, e4] =
−e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 −1
1 3 1 1 1 1
0 1 3 0 1 1
1 1 0 3 −1 1
1 1 1 −1 3 1
−1 1 1 1 1 3

General solution to Ux = [1]: x = ( 119 + t,− 119 , 419 , 919 − t, 819 − t, t)T . It is
not an Einstein nilradical.
CLASSIFICATION OF 7-DIMENSIONAL EINSTEIN NILRADICALS II 33
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
2.1(iλ)
λ = 1
n
λ
7,64
λ = 1
L1774(3C)
[C]
(1, 3, 5, 7)M
ξ = 1
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 1
1 3 1 1 1 −1
0 1 3 0 1 0
1 1 0 3 −1 1
1 1 1 −1 3 1
1 −1 0 1 1 3

General solution to Ux = [1]: x = ( 119 ,− 119 + t, 419 , 919 − t, 819 − t, t) and a
particular solution is x = 138(2, 7, 8, 9, 7, 9)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
||Sβ||2 = 1921 ≈ 0.905
2.1(ii) n7,69
L1774(3C)
b = 0
(1, 3, 5, 7)D
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 −1
1 3 1 1 −1 1
0 1 3 0 0 1
1 1 0 3 1 1
1 −1 0 1 3 1
−1 1 1 1 1 3

A solution to Ux = [1]: x = 119 (4, 4, 4, 1, 5, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
||Sβ||2 = 1921 ≈ 0.905
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2.1(iii) n7,101 L
1
74(3C) (1, 3, 5, 7)A
dim Der
14
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = e7, [e3, e4] =
−e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 −1
0 3 0 1 0 1
1 0 3 −1 1 1
1 1 −1 3 1 1
1 0 1 1 3 1
−1 1 1 1 1 3

General solution to Ux = [1]: x = ( 119 + t,
4
19 ,
8
19 − t, 719 − t, 119 , t) and a
particular solution is x = 119(4, 4, 5, 4, 1, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
||Sβ||2 = 1921 ≈ 0.905
2.1(iv)
L1774(3C)
b = −1 (1, 3, 7)D
dim Der
14
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 −1 1
1 3 0 1 0 1
1 0 3 −1 1 1
1 1 −1 3 1 1
−1 0 1 1 3 1
1 1 1 1 1 3

General solution to Ux = [1]: x = ( 819 − t, 419 , 119 + t, t, 919 − t,− 119 )T . It is
not an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
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2.1(v) L3474(3C) (2, 4, 7)Q
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e2, e3] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 −1
1 3 1 1 −1 1
0 1 3 1 0 1
1 1 1 3 1 1
1 −1 0 1 3 1
−1 1 1 1 1 3

General solution to Ux = [1]: x = ( 119 + t,
8
19 − t, 419 ,− 119 , 919 − t, t)T . It is
not an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 219 Diag(3, 5, 6, 8, 9, 11, 14)
2.2 n7,95 (1, 4, 7)D
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 1, 0)
µ :=
{
[e1, e2] = e5, [e1, e3] = e6, [e1, e4] = 2e7, [e2, e3] = e4, [e2, e6] = e7,
[e3, e5] = −e7, [e3, e6] = e7
It is not an Einstein nilradical by [F, Theorem 2.6]. In fact,
Einstein Pre-Derivation φ = 12 Diag(1, 1, 1, 2, 2, 2, 3).
Let X = Diag(1,−1, 0,−1, 0, 1, 0). X ∈ gφ therefore gt = exp(tX) ∈ Gφ.
gt · µ =
{
[e1, e2] = e5, [e1, e3] = e6, [e1, e4] = 2e7, [e2, e3] = e4, [e2, e6] = e7,
[e3, e5] = −e7, [e3, e6] = e−te7
The Gφ−orbit of µ is not closed because gt · µ→ µ˜ as t→∞ and (R7, µ˜) is
non-isomorphic to (R7, µ); dimDer(R7, µ) = 15 and dimDer(R7, µ˜) = 17
2.3 n7,10 L
1
76 (1, 2, 3, 4, 5, 7)A
dim Der
13
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 1
0 3 0 1 1
1 0 3 0 1
1 1 0 3 0
1 1 1 0 3

General solution to Ux = [1]: x = 137(5, 8, 9, 8, 5)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 3, 4, 5), D2 = Diag(0, 1, 1, 1, 1, 1, 1).
Pre-Einstein Derivation: 237 Diag(1, 16, 17, 18, 19, 20, 21)
||Sβ||2 = 3735 ≈ 1.06
2.4 n7,13 L
37
74(n3) (2, 3, 4, 5, 7)C
dim Der
12
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 3, 2, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e5] = e6, [e2, e5] = −e7, [e3, e4] =
e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 −1
0 3 0 1 0 0
1 0 3 0 −1 1
1 1 0 3 1 0
1 0 −1 1 3 1
−1 0 1 0 1 3

General solution to Ux = [1]: x = 152 (12, 16, 13, 4, 12, 13)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 3, 4, 3), D2 = Diag(0, 1, 1, 1, 1, 1, 2).
Pre-Einstein Derivation: 752 Diag(1, 4, 5, 6, 7, 8, 11)
||Sβ||2 = 2635 ≈ 0.743
2.5 n7,24 L
19
74(n3) (1, 2, 4, 5, 7)H
dim Der
12
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e4] =
e6, [e3, e4] = e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 0 1 −1
0 3 1 1 1 −1 0
1 1 3 0 −1 1 0
1 1 0 3 0 −1 1
0 1 −1 0 3 1 1
1 −1 1 −1 1 3 1
−1 0 0 1 1 1 3

General solution to Ux = [1]: x = (t1,−15+ t1+ t2, 35− t1− t2, 25 − t1, 35− t1−
t2, t2, t1) a particular solution is x =
1
5 (1, 1, 1, 1, 1, 1, 1)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 1, 2, 3), D2 = Diag(0, 1, 1, 1, 2, 2, 2).
Pre-Einstein Derivation: 15 Diag(1, 2, 3, 4, 5, 6, 7)
||Sβ||2 = 57 ≈ 0.714
2.6 n7,28 L
31
74(n3) (2, 3, 4, 5, 7)B
dim Der
12
dim Derived Series
(7, 5, 1, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e2, e3] = e5, [e2, e6] = e7, [e3, e4] =
−e7
{e1...e7} is a nice basis.
U =

3 0 1 0 1 −1
0 3 0 1 0 0
1 0 3 0 −1 1
0 1 0 3 1 1
1 0 −1 1 3 1
−1 0 1 1 1 3

A solution to Ux = [1]: x = 152 (13, 16, 13, 4, 12, 12)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 1, 3, 3), D2 = Diag(0, 1, 1, 1, 2, 1, 2).
Pre-Einstein Derivation: 152 Diag(10, 23, 33, 43, 56, 53, 76)
||Sβ||2 = 2635 ≈ 0.743
2.7 n7,31 L
35
75 (2, 3, 4, 5, 7)A
dim Der
13
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 2, 1, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5]
{e1...e7} is a nice basis.
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U =

3 0 1 1 0
0 3 0 1 1
1 0 3 0 0
1 1 0 3 0
0 1 0 0 3

General solution to Ux = [1]: x = 118(3, 3, 5, 4, 5)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 1, 3, 4), D2 = Diag(0, 1, 1, 1, 2, 1, 1).
Pre-Einstein Derivation: 118 Diag(3, 10, 13, 16, 23, 19, 22)
||Sβ||2 = 910 ≈ 0.9
2.8 n7,32 L
38
75 (2, 4, 5, 7)M
dim Der
13
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 2, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e1, e5] = e7, [e2, e3] = e5, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1
0 3 0 1 1 −1
1 0 3 1 0 1
1 1 1 3 −1 1
0 1 0 −1 3 1
1 −1 1 1 1 3

General solution to Ux = [1]: x = (16 ,
1
12+t,
1
6 ,
1
3−t, 512−t, t) and a particular
solution is x = 124 (4, 6, 4, 4, 6, 4)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 1, 3, 2), D2 = Diag(0, 1, 1, 1, 2, 1, 2).
Pre-Einstein Derivation: 112 Diag(3, 5, 8, 11, 13, 14, 16)
||Sβ||2 = 67 ≈ 0.857
2.9 n7,33 L
39
75 (2, 4, 5, 7)L
dim Der
12
dim Derived Series
(7, 5, 0)
dim Desc. C. Series
(7, 5, 4, 2, 0)
[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e6, [e2, e3] = e5, [e2, e5] = e7
{e1...e7} is a nice basis.
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U =

3 0 1 0 1
0 3 0 1 0
1 0 3 0 0
0 1 0 3 0
1 0 0 0 3

General solution to Ux = [1]: x = 128(4, 7, 8, 7, 8)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 1, 3, 1), D2 = Diag(0, 1, 1, 1, 2, 1, 3).
Pre-Einstein Derivation: 928 Diag(1, 1, 2, 3, 3, 4, 4)
||Sβ||2 = 1417 ≈ 0.824
2.10 n7,39 L
8
74(n3) (1, 3, 4, 5, 7)C
dim Der
12
dim Derived Series
(7, 4, 1, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e7, [e1, e4] = e5, [e1, e5] = e6, [e2, e6] = e7, [e4, e5] =
−e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1 −1
1 3 1 1 1 1
0 1 3 0 0 0
1 1 0 3 −1 1
1 1 0 −1 3 1
−1 1 0 1 1 3

General solution to Ux = [1]: x = (t,−15 , 25 , 35 − t, 35 − t, t)T . It is not an
Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 2, 3, 3), D2 = Diag(0, 1, 2, 1, 1, 1, 2).
Pre-Einstein Derivation: 15 Diag(1, 2, 6, 3, 4, 5, 7)
2.11 n7,58 (2, 4, 5, 7)E
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e6, [e2, e4] = e6
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0 −4
√
1254
9 0 0 0 0 0
0 0 1 −83 0 0 0
0 0 −4
√
7
3 −4
√
7
3 0 0 0
0 0 0 0 −2
√
1463
57 0 0
0 0 0 0 0 88
√
42
27 0
0 0 0 0 0 0 −
√
770
57


1 0 0 0 0 0 0
0 −3
√
1254
1672 0 0 0 0 0
0 0 311 −6
√
7
77 0 0 0
0 0 − 311 −9
√
7
308 0 0 0
0 0 0 0 −3
√
1463
154 0 0
0 0 0 0 0 9
√
42
1232 0
0 0 0 0 0 0 −57
√
770
770

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The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] =
√
1254
209 e3 +
√
8778
418 e4, [e1, e3] =
2
√
1463
209 e5, [e1, e4] =
3
√
209
418 e5,
[e1, e5] =
√
190
38 e7, [e2, e4] =
√
209
38 e6
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−27
38
,−17
38
,− 4
19
,− 4
19
,
1
38
,
11
38
,
5
19
)
= −18
19
Id +
1
38
Diag(9, 19, 28, 28, 37, 47, 46)
Since Diag(9, 19, 28, 28, 37, 47, 46) is a derivation of the Lie algebra (R7, µ˜)
then by [F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 1819 ≈ 0.947
2.12 n7,91 L
37
74(3C) (2, 4, 7)E
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e2, e4] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 0 0
1 3 1 0 0
0 1 3 1 0
0 0 1 3 1
0 0 0 1 3

General solution to Ux = [1]: x = 118(5, 3, 4, 3, 5)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 2, 1), D2 = Diag(0, 1, 1, 1, 1, 1, 2).
Pre-Einstein Derivation: 19 Diag(3, 5, 5, 8, 8, 11, 13)
||Sβ||2 = 910 ≈ 0.9
2.13 n7,37 L
16
74(n3) (1, 2, 4, 5, 7)C
dim Der
12
dim Derived Series
(7, 4, 1, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e2, e3] = e6, [e2, e6] = e7, [e4, e5] =
−e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 1 −1
0 3 0 0 0 0
1 0 3 1 −1 1
1 0 1 3 0 0
1 0 −1 0 3 1
−1 0 1 0 1 3

A solution to Ux = [1]: x = 160 (12, 20, 12, 12, 15, 15)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 3, 1, 2, 3, 3), D2 = Diag(0, 1, 0, 1, 1, 1, 2).
Pre-Einstein Derivation: 160 Diag(16, 21, 48, 37, 53, 69, 90)
||Sβ||2 = 3043 ≈ 0.698
2.14 n7,45 L
9
75 (1, 2, 3, 5, 7)A
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e5, [e3, e4] =
−e6, [e3, e5] = −e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1 −1 0
0 3 0 1 1 1 −1
1 0 3 0 −1 1 1
1 1 0 3 0 −1 1
1 1 −1 0 3 1 0
−1 1 1 −1 1 3 1
0 −1 1 1 0 1 3

A solution to Ux = [1]: x = 15(1, 1, 1, 1, 1, 1, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 2, 3, 4), D2 = Diag(0, 1, 0, 1, 1, 1, 1).
Pre-Einstein Derivation: 15 Diag(1, 3, 2, 4, 5, 6, 7)
||Sβ||2 = 57 ≈ 0.714
2.15 n7,48 L
10
75 (1, 2, 4, 5, 7)A
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e6, [e3, e4] =
−e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 1 −1
0 3 0 1 0 1
1 0 3 0 1 0
1 1 0 3 −1 1
1 0 1 −1 3 1
−1 1 0 1 1 3

A solution to Ux = [1]: x = 15(1, 1, 1, 1, 1, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 3, 1, 2, 3, 4), D2 = Diag(0, 1, 0, 1, 1, 1, 1).
Pre-Einstein Derivation: 15 Diag(1, 3, 3, 4, 5, 6, 7)
||Sβ||2 = 56 ≈ 0.833
2.16 n7,51 L
11
75 (1, 3, 4, 5, 7)A
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1
0 3 0 1 0
1 0 3 0 0
1 1 0 3 1
1 0 0 1 3

General solution to Ux = [1]: x = 127(3, 8, 8, 3, 7)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 4, 1, 2, 3, 4), D2 = Diag(0, 1, 0, 1, 1, 1, 1).
Pre-Einstein Derivation: 127 Diag(5, 17, 20, 22, 27, 32, 37)
||Sβ||2 = 2729 ≈ 0.931
2.17 n7,56 L
40
74(3C) (2, 3, 5, 7)C
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e5, [e2, e4] = e6, [e3, e4] =
−e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 0 −1
0 3 0 1 1 1
1 0 3 −1 0 1
1 1 −1 3 1 1
0 1 0 1 3 1
−1 1 1 1 1 3

A solution to Ux = [1]: x = 124 (6, 4, 6, 4, 4, 4)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 2, 1, 3), D2 = Diag(0, 1, 0, 1, 1, 2, 1).
Pre-Einstein Derivation: 112 Diag(4, 5, 8, 9, 13, 14, 17)
||Sβ||2 = 67 ≈ 0.857
2.18 n7,60 L
59
75 (2, 4, 5, 7)H
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e4] = e5, [e1, e5] = e7, [e2, e3] = e7, [e2, e4] = e6
{e1...e7} is a nice basis.
U =

3 0 1 1 0
0 3 0 0 1
1 0 3 1 0
1 0 1 3 1
0 1 0 1 3

General solution to Ux = [1]: x = 168(15, 18, 15, 8, 14)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 3, 1, 2, 1, 3), D2 = Diag(0, 1, 0, 1, 1, 2, 1).
Pre-Einstein Derivation: 168 Diag(20, 31, 60, 51, 71, 82, 91)
||Sβ||2 = 3435 ≈ 0.971
2.19 n7,61 L
48
75 (2, 4, 5, 7)G
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e4, [e1, e3] = e6, [e1, e4] = e5, [e1, e5] = e7, [e2, e4] = e6
{e1...e7} is a nice basis.
U =

3 1 0 1 0
1 3 1 1 1
0 1 3 0 1
1 1 0 3 0
0 1 1 0 3

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General solution to Ux = [1]: x = 14(1, 0, 1, 1, 1)
T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 2, 1, 3), D2 = Diag(0, 1, 2, 1, 1, 2, 1).
Pre-Einstein Derivation: 14 Diag(1, 2, 4, 3, 4, 5, 5)
2.20 n7,76 L
46
75 (2, 4, 5, 7)F
dim Der
16
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e6, [e1, e6] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 0
1 3 0 1 0
1 0 3 0 1
1 1 0 3 1
0 0 1 1 3

General solution to Ux = [1]: x = 137(5, 9, 8, 5, 8)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 4, 5), D2 = Diag(0, 1, 0, 1, 0, 0, 0).
Pre-Einstein Derivation: 237 Diag(5, 16, 10, 21, 15, 20, 25) ||Sβ ||2 = 3735 ≈ 1.06
2.21 n7,77 L
2
75 (2, 4, 5, 7)C
dim Der
16
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 1
1 3 1 1 1
0 1 3 0 0
1 1 0 3 1
1 1 0 1 3

General solution to Ux = [1]: x = 131 (6, 1, 10, 6, 6)
T .It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 3, 1, 4, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1).
Pre-Einstein Derivation: 131 Diag(8, 19, 24, 27, 32, 35, 43)
||Sβ||2 = 3129 ≈ 1.07
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2.22 n7,79 L
57
75 (2, 4, 5, 7)I
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e3] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0
0 3 0 0 1
1 0 3 0 1
1 0 0 3 1
0 1 1 1 3

General solution to Ux = [1]: x = 119(3, 6, 5, 5, 1)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 2, 3, 2, 4, 5), D2 = Diag(0, 1, 0, 0, 1, 0, 0).
Pre-Einstein Derivation: 119 Diag(5, 14, 10, 15, 24, 20, 25)
||Sβ||2 = 1920 ≈ 0.950
2.23 n7,107 L
6
74(3C)
(1, 3, 7)?
[C]
dim Der
13
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 0 0 1
0 3 0 1 1
0 0 3 0 1
0 1 0 3 1
1 1 1 1 3

General solution to Ux = [1]: x = 111(4, 3, 4, 3,−1)T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 2, 0, 2, 1, 2), D2 = Diag(0, 1, 0, 2, 1, 2, 2).
Pre-Einstein Derivation: 411 Diag(1, 1, 2, 2, 3, 3, 4)
2.24 n7,73 L
17
75 (2, 3, 5, 7)A
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e4] = e6, [e1, e5] = −e7, [e1, e6] = e7, [e2, e3] = e5,
[e3, e4] = e7
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Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0
√
38
19 0 0 0 0
0 0 0 −
√
38
19 0 0 0
0 0 0 0
√
3
19 −
√
3
19 0
0 0 0 0 119
1
19 0
0 0 0 0 0 0 −
√
114
361


1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0
√
38
2 0 0 0 0
0 0 0 −
√
38
2 0 0 0
0 0 0 0 19
√
3
6
19
2 0
0 0 0 0 −19
√
3
6
19
2 0
0 0 0 0 0 0 −19
√
114
6

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] = −
√
38
19 e4, [e1, e4] =
√
114
38 e5 −
√
38
38 e6, [e1, e5] =
√
38
19 e7,
[e2, e3] =
√
114
38 e5 +
√
38
38 e6, [e3, e4] =
√
114
38 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−12
19
,− 8
19
,− 7
19
,− 3
19
,
2
19
,
2
19
,
7
19
)
= −17
19
Id +
1
19
Diag(5, 9, 10, 14, 19, 19, 24)
Since Diag(5, 9, 10, 14, 19, 19, 24) is a derivation of the Lie algebra (R7, µ˜)
then by [F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 1719 ≈ 0.895
2.25 n7,100 L
18
75 (1, 3, 5, 7)B
dim Der
14
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 1, 0)
µ :=
{
[e1, e2] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e3] = e6, [e3, e4] = −e7,
[e3, e5] = −e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0 0
√
38
19 0 0 0 0
0 1 0 0 0 0 0
0 0 0
√
38
38
√
38
19 0 0
0 0 0
√
114
38 0 0 0
0 0 0 0 0 −
√
3
19 0
0 0 0 0 0 0 −
√
114
361


1 0 0 0 0 0 0
0 0 1 0 0 0 0
0
√
38
2 0 0 0 0 0
0 0 0 0
√
114
3 0 0
0 0 0
√
38
2 −
√
114
6 0 0
0 0 0 0 0 −19
√
3
3 0
0 0 0 0 0 0 −19
√
114
6

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e3] =
√
38
19 e4, [e1, e4] = −
√
114
38 e6, [e1, e5] =
√
38
38 e6, [e1, e6] =
√
38
19 e7,
[e2, e3] =
√
114
38 e6, [e2, e4] =
√
114
38 e7, [e2, e5] =
√
38
38 e7
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By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−12
19
,− 7
19
,− 7
19
,− 2
19
,− 2
19
,
3
19
,
8
19
)
= −17
19
Id +
5
19
Diag(1, 2, 2, 3, 3, 4, 5)
Since Diag(1, 2, 2, 3, 3, 4, 5) is a derivation of the Lie algebra (R7, µ˜) then by
[F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 1719 ≈ 0.895
2.26 n7,85 L
38
74(3C) (2, 4, 7)J
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
µ˜ :=
{
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e6, [e2, e5] = e7, [e3, e4] = e7, [e3, e5] = e6
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
2 0 1 0 0 0 0
0 1 0 0 0 0 0
0 0
√
3 0 0 0 0
0 0 0
√
114
19 0 0 0
0 0 0 0 2
√
114
19 0 0
0 0 0 0 0 1219 0
0 0 0 0 0 0 619


1
2 0 −
√
3
6 0 0 0 0
0 1 0 0 0 0 0
0 0
√
3
3 0 0 0 0
0 0 0
√
114
6 0 0 0
0 0 0 0
√
114
12 0 0
0 0 0 0 0 1912 0
0 0 0 0 0 0 196

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=

[e1, e2] =
√
114
38 e4, [e1, e3] =
1
19
√
38e5, [e1, e5] =
√
114
38 e6,
[e2, e3] =
√
38
38 e4, [e2, e5] =
1
38
√
114e7, [e3, e4] =
√
38
19 e7,
[e3, e5] =
√
38
38 e6
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(−10
19
,− 7
19
,−10
19
, 0,− 3
19
,
4
19
,
7
19
)
= −17
19
Id +
1
19
Diag(7, 10, 7, 17, 14, 21, 24)
Since Diag(7, 10, 7, 17, 14, 21, 24) is a derivation of the Lie algebra (R7, µ˜)
then by [F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 1719 ≈ 0.895
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2.27 n7,106 (2, 5, 7)I
dim Der
17
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 0)
µ :=
{
[e1, e2] = e5, [e1, e3] = e7, [e1, e5] = e6, [e2, e4] = e7, [e2, e5] = e7
Let g ∈ GL7(R) and g−1 its inverse
g = g−1 =
1 0 0 0 0 0 0
0
√
26
2 0 0 0 0 0
0 0
√
78
2 0 0 0 0
0 0 0 1 12 0 0
0 0 0 0
√
3
2 0 0
0 0 0 0 0
√
78
26 0
0 0 0 0 0 0
√
3
2


1 0 0 0 0 0 0
0
√
26
13 0 0 0 0 0
0 0
√
78
39 0 0 0 0
0 0 0 1 −
√
3
3 0 0
0 0 0 0 2
√
3
3 0 0
0 0 0 0 0
√
78
3 0
0 0 0 0 0 0 2
√
3
3

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] =
√
26
26 e4 +
√
78
26 e5, [e1, e3] =
√
26
26 e7, [e1, e5] =
√
26
13 e6,
[e2, e4] =
√
78
26 e7, [e2, e5] =
√
26
26 e7
By straight calculation, it is easy to see that the moment map of µ˜ with
respect to the ordered basis e1, ..., e7 is:
m(µ˜) = Diag(− 9
13
,− 8
13
,− 1
13
,− 2
13
,− 2
13
,
4
13
,
5
13
)
= −15
13
Id +
1
13
Diag(6, 7, 14, 13, 13, 19, 20)
Since Diag(6, 7, 14, 13, 13, 19, 20) is a derivation of the Lie algebra (R7, µ˜)
then by [F, Theorem 2.2], it is an Einstein Nilradical.
||Sβ||2 = 1513 ≈ 1.15
2.28 n7,112 L
11
74(3C) (1, 4, 7)B
dim Der
16
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e3] = e6, [e1, e6] = e7, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 0 0
1 3 0 0 1
1 0 3 1 1
0 0 1 3 1
0 1 1 1 3

CLASSIFICATION OF 7-DIMENSIONAL EINSTEIN NILRADICALS II 49
General solution to Ux = [1]: x = 137(8, 8, 5, 9, 5)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0,−1, 2, 1, 0, 1), D2 = Diag(0, 1, 2, 0, 1, 2, 2).
Pre-Einstein Derivation: 437 Diag(4, 5, 6, 8, 9, 10, 14)
||Sβ||2 = 3735 ≈ 1.06
2.29 n7,104 L
27
74(3C) (2, 5, 7)L
dim Der
14
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 0)
[e1, e2] = e5, [e1, e5] = e6, [e2, e3] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 0 0
0 3 1 1 0
1 1 3 1 1
0 1 1 3 1
0 0 1 1 3

General solution to Ux = [1]: x = 141 (14, 12,−1, 6, 12)T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 2,−1, 1, 2, 1), D2 = Diag(0, 1, 0, 2, 1, 1, 2).
Pre-Einstein Derivation: 141 Diag(15, 22, 30, 29, 37, 52, 59)
2.30 n7,102 L
12
74(3C) (1, 4, 5, 7)B
dim Der
15
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 1, 0)
[e1, e2] = e5, [e1, e5] = e6, [e1, e6] = e7, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 0 0
0 3 0 1 0
1 0 3 1 1
0 1 1 3 1
0 0 1 1 3

General solution to Ux = [1]: x = 127(8, 8, 3, 3, 7)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 2, 0, 5, 3, 4, 5), D2 = Diag(0, 0, 1,−1, 0, 0, 0).
Pre-Einstein Derivation: 427 Diag(2, 4, 5, 5, 6, 8, 10)
||Sβ||2 = 2729 ≈ 0.931
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2.31 n7,74 (1, 3, 5, 7)G
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5, [e2, e5] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 1
0 3 0 0 0
1 0 3 0 1
1 0 0 3 0
1 0 1 0 3

General solution to Ux = [1]: x = 139(3, 13, 9, 12, 9)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 3, 1, 3, 2, 3), D2 = Diag(0, 1,−1, 1, 0, 1, 1).
Pre-Einstein Derivation: 139 Diag(14, 15, 27, 29, 42, 43, 57)
||Sβ||2 = 3946 ≈ 0.848
2.32 n7,67 L
43
75 (1, 3, 5, 7)E
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 0
1 3 1 1 0
0 1 3 0 0
1 1 0 3 1
0 0 0 1 3

General solution to Ux = [1]: x = 127(7, 3, 8, 3, 8)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 1, 1, 2, 2, 3), D2 = Diag(0, 2, 1, 2, 1, 2, 2).
Pre-Einstein Derivation: 227 Diag(3, 10, 8, 13, 11, 16, 19)
||Sβ||2 = 2729 ≈ 0.931
2.33 n7,71 L
16
75 (1, 3, 5, 7)I
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5, [e3, e5] = e7
{e1...e7} is a nice basis.
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U =

3 0 1 1 0
0 3 0 0 0
1 0 3 0 1
1 0 0 3 0
0 0 1 0 3

General solution to Ux = [1]: x = 133(6, 11, 6, 9, 9)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(2, 0, 3, 2, 3, 4, 6), D2 = Diag(0, 1, 0, 1, 1, 1, 1).
Pre-Einstein Derivation: 133 Diag(10, 18, 15, 28, 33, 38, 48)
||Sβ||2 = 3341 ≈ 0.805
2.34 n7,82 (2, 4, 7)G
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e7, [e2, e4] = e6, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 0 0
1 3 1 0 0
0 1 3 1 1
0 0 1 3 0
0 0 1 0 3

General solution to Ux = [1]: x = 147(12, 11, 2, 15, 15)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(2, 0, 1, 2, 3, 2, 4), D2 = Diag(0, 2, 1, 2, 1, 4, 2).
Pre-Einstein Derivation: 147 Diag(22, 20, 21, 42, 43, 62, 64)
||Sβ||2 = 4755 ≈ 0.854
2.35 n7,84 L
28
74(3C) (2, 4, 7)K
dim Der
12
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e6, [e2, e4] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
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U =

3 1 1 0 1 −1
1 3 0 0 −1 1
1 0 3 1 1 0
0 0 1 3 1 1
1 −1 1 1 3 1
−1 1 0 1 1 3

A solution to Ux = [1]: x = 113 (2, 4, 2, 2, 3, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0,−1, 1, 0, 1, 0), D2 = Diag(0, 1, 2, 1, 2, 2, 3).
Pre-Einstein Derivation: 113 Diag(5, 6, 7, 11, 12, 17, 18)
||Sβ||2 = 1315 ≈ 0.867
2.36 n7,118 L
24
75
(2, 5, 7)?
[C]
dim Der
16
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e3] = e5, [e1, e4] = e7, [e2, e3] = e6, [e2, e4] = −e5, [e3, e6] = −e7
{e1...e7} is a nice basis.
U =

3 1 1 1 1
1 3 0 1 1
1 0 3 1 0
1 1 1 3 0
1 1 0 0 3

General solution to Ux = [1]: x = 123(1, 4, 6, 4, 6)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 2, 3, 3, 2, 4), D2 = Diag(0, 1,−2,−3,−2,−1,−3).
Pre-Einstein Derivation: 123 Diag(18, 13, 10, 15, 28, 23, 33)
||Sβ||2 = 2321 ≈ 1.10
2.37
n
λ
7,52
λ = −1
L874(3C)
α = 0
β = 12
(1, 3, 5, 7)R
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
µ :=
{
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e5, [e1, e6] = e7, [e2, e4] = e6,
[e2, e5] = e7, [e3, e4] = e7
Let g ∈ GL7(C) and g−1 its inverse
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g = g−1 =
1
2e
3pi
4
i
i 0 0 0 0 0
−12e
5pi
4
i 1 0 0 0 0 0
0 0 12e
3pi
4
i e
3pi
4
i 0 0 0
0 0 12e
pi
4
i 0 0 0 0
0 0 0 0 −12i e
5pi
4
i 0
0 0 0 0 −12 e
7pi
4
i 0
0 0 0 0 0 0 1


e
5pi
4
i e
3pi
4
i 0 0 0 0 0
−12i 12 0 0 0 0 0
0 0 0 2e
7pi
4
i 0 0 0
0 0 e
5pi
4
i e
3pi
4
i 0 0 0
0 0 0 0 i −1 0
0 0 0 0 12e
3pi
4
i 1
2e
pi
4
i 0
0 0 0 0 0 0 1

The action of g over µ gives a isomorphic Lie algebra law, g · µ = µ˜
µ˜ :=
{
[e1, e2] = e3, [e1, e3] = e5, [e1, e4] = e6, [e1, e5] = e7, [e2, e3] = −e6,
[e2, e4] = e5, [e2, e6] = −e7, [e3, e4] = 2e7
{e1...e7} is a nice basis of (Rn, µ˜)
U =

3 0 1 1 0 1 1 −1
0 3 1 0 1 1 0 1
1 1 3 1 1 1 −1 1
1 0 1 3 0 −1 1 1
0 1 1 0 3 1 0 1
1 1 1 −1 1 3 1 1
1 0 −1 1 0 1 3 1
−1 1 1 1 1 1 1 3

A solution to Uµ˜x = [1]: x =
1
22 (4, 4, 3, 3, 4, 1, 5, 2)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 1, 2, 2, 3, 3, 4),
D2 = Diag
((
0 −1
1 0
)
, 0, 0,
(
0 −1
1 0
)
, 0
)
. Pre-Einstein Derivation:
4
11 Diag(1, 1, 2, 2, 3, 3, 4)
||Sβ||2 = 1113 ≈ 0.846
2.38 (2, 5, 7)J
dim Der
16
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 0)
[e1, e2] = e3, [e1, e3] = e6, [e1, e5] = e7, [e2, e3] = e7, [e2, e4] = e6
{e1...e7} is a nice basis.
U =

3 0 1 0 1
0 3 1 1 1
1 1 3 1 0
0 1 1 3 1
1 1 0 1 3

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General solution to Ux = [1]: x = 116 (4, 3, 2, 3, 2)
T . It is an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 0, 2, 1), D2 = Diag(0, 1, 1, 0, 2, 1, 2).
Pre-Einstein Derivation: 716 Diag(1, 1, 2, 2, 2, 3, 3)
||Sβ||2 = 87 ≈ 1.14
2.39 L4775 (2, 4, 7)L
dim Der
17
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e5] = e7, [e2, e3] = e6
{e1...e7} is a nice basis.
U =

3 1 0 1 1
1 3 1 0 1
0 1 3 1 1
1 0 1 3 0
1 1 1 0 3

General solution to Ux = [1]: x = 116(2, 3, 2, 4, 3)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 2, 1, 3, 2, 4), D2 = Diag(0, 1, 0, 1, 0, 1, 0).
Pre-Einstein Derivation: 116 Diag(5, 11, 10, 16, 15, 21, 20)
||Sβ||2 = 87 ≈ 1.14
2.40 (3, 5, 7)C
dim Der
16
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e3, [e1, e3] = e5, [e1, e4] = e7, [e2, e3] = e6, [e2, e4] = e5
{e1...e7} is a nice basis.
U =

3 0 1 0 1
0 3 1 1 1
1 1 3 0 1
0 1 0 3 1
1 1 1 1 3

General solution to Ux = [1]: x = 123(6, 4, 4, 6, 1)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 1, 2, 2, 1, 3), D2 = Diag(0, 1, 1, 0, 1, 2, 0).
Pre-Einstein Derivation: 123 Diag(9, 10, 19, 18, 28, 29, 27)
||Sβ||2 = 2321 ≈ 1.10
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2.41 (1, 3, 5, 7)O
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 3, 1, 0)
[e1, e2] = e3, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1 0 1
0 3 1 1 1 −1
1 1 3 0 1 0
1 1 0 3 −1 1
0 1 1 −1 3 1
1 −1 0 1 1 3

A solution to Ux = [1]: x = 17(1, 2, 1, 1, 1, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 0, 2, 1, 2), D2 = Diag(0, 1, 1, 2, 1, 2, 2).
Pre-Einstein Derivation: 17 Diag(2, 3, 5, 6, 7, 8, 10)
||Sβ||2 = 78 ≈ 0.875
2.42 L5875 (2, 4, 7)M
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e6, [e2, e3] = e6, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 0
1 3 0 1 0
1 0 3 1 0
1 1 1 3 1
0 0 0 1 3

General solution to Ux = [1]: x = 141 (6, 12, 12,−1, 14)T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 2, 0, 3, 1, 2, 5), D2 = Diag(0, 0, 1, 0, 1, 1, 0).
Pre-Einstein Derivation: 141 Diag(11, 22, 30, 33, 41, 52, 55)
2.43 L5275 (2, 4, 7)C
dim Der
16
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e7, [e1, e5] = e6, [e3, e5] = e7
{e1...e7} is a nice basis.
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U =

3 1 0 1 0
1 3 1 0 0
0 1 3 1 1
1 0 1 3 1
0 0 1 1 3

General solution to Ux = [1]: x = 137(8, 8, 5, 5, 9)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(2, 0, 1, 2, 3, 5, 4), D2 = Diag(0, 2, 1, 2, 1, 1, 2).
Pre-Einstein Derivation: 137 Diag(11, 29, 20, 40, 31, 42, 51)
||Sβ||2 = 3735 ≈ 1.06
2.44 L6075 (2, 4, 7)N
dim Der
16
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e7, [e2, e3] = e6, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 0
1 3 0 1 0
1 0 3 0 1
1 1 0 3 1
0 0 1 1 3

General solution to Ux = [1]: x = 137(5, 9, 8, 5, 8)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0,−1, 1, 0,−1, 1), D2 = Diag(0, 1, 2, 1, 2, 3, 2).
Pre-Einstein Derivation: 137 Diag(15, 19, 23, 34, 38, 42, 53)
||Sβ||2 = 3735 ≈ 1.06
2.45 (2, 5, 7)D
dim Der
17
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e4] = e7, [e1, e5] = e6, [e2, e3] = e7, [e2, e4] = e6
{e1...e7} is a nice basis.
U =

3 1 0 1 1
1 3 1 1 1
0 1 3 0 1
1 1 0 3 1
1 1 1 1 3

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General solution to Ux = [1]: x = 114(3, 1, 4, 3, 1)
T . It is an Einstein nilrad-
ical.
Maximal Torus: D1 = Diag(1, 0, 3, 2, 1, 2, 3), D2 = Diag(0, 1,−1, 0, 1, 1, 0).
Pre-Einstein Derivation: 114 Diag(6, 7, 11, 12, 13, 19, 18)
||Sβ||2 = 76 ≈ 1.17
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5. Rank three
3.1(iλ)
λ 6= 0, 1 n
λ
7,93
L2474(3C)
β = 1
λ−1
β 6= −1
(1, 4, 7)E
(ξ = λ)
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = ae7, [e3, e4] =
(a− 1)e7
{e1...e7} is a nice basis.
U =

3 1 1 1 1 −1
1 3 1 1 −1 1
1 1 3 −1 1 1
1 1 −1 3 1 1
1 −1 1 1 3 1
−1 1 1 1 1 3

A solution to Ux = [1]: x = 18(1, 2, 1, 1, 2, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 0, 1), D2 = Diag(0, 1, 0, 1, 0, 1, 1),
D3 = Diag(0, 0, 1, 0, 1, 1, 1). Pre-Einstein Derivation:
1
2 Diag(1, 1, 1, 2, 2, 2, 3)
||Sβ||2 = 1
3.1(iλ)
λ = 0
n
λ
7,93
λ = 0
L3474(3C)
[C]
(2, 4, 7)?
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e6] = e7, [e2, e3] = e6, [e3, e4] = −e7]
{e1...e7} is a nice basis.
U =

3 1 1 1 −1
1 3 1 1 1
1 1 3 −1 1
1 1 −1 3 1
−1 1 1 1 3

General solution to Ux = [1]: x = (t, 0, 12 − t, 12 − t, t)T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 0, 1), D2 = Diag(0, 1, 0, 1, 0, 1, 1),
D3 = Diag(0, 0, 1, 0, 1, 1, 1). Pre-Einstein Derivation:
1
2 Diag(1, 1, 1, 2, 2, 2, 3)
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3.1(iλ)
n
93
7
λ = 1
L575
(2, 4, 7)?
[C]
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e6] = e7, [e2, e3] = e6, [e2, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 1
1 3 1 1 −1
1 1 3 −1 1
1 1 −1 3 1
1 −1 1 1 3

General solution to Ux = [1]: x = (0, t, 12 − t, 12 − t, t)T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 0, 1), D2 = Diag(0, 1, 0, 1, 0, 1, 1),
D3 = Diag(0, 0, 1, 0, 1, 1, 1). Pre-Einstein Derivation:
1
2 Diag(1, 1, 1, 2, 2, 2, 3)
3.1(iii) n7,113 L
20
74(3C) (1, 4, 7)A
dim Der
15
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e6] = e7, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 −1
1 3 1 −1 1
1 1 3 1 1
1 −1 1 3 1
−1 1 1 1 3

General solution to Ux = [1]: x = (t, 12 − t, 0, 12 − t, t)T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 0, 1), D2 = Diag(0, 1, 0, 1, 0, 1, 1),
D3 = Diag(0, 0, 1, 0, 1, 1, 1). Pre-Einstein Derivation:
1
2 Diag(1, 1, 1, 2, 2, 2, 3)
3.2 n7,78 L
2
76 (2, 4, 5, 7)A
dim Der
17
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e6] = e7
{e1...e7} is a nice basis.
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U =

3 1 0 1
1 3 1 1
0 1 3 0
1 1 0 3

General solution to Ux = [1]: x = 113(3, 1, 4, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 2, 3), D2 = Diag(0, 1, 0, 1, 0, 1, 1),
D3 = Diag(0, 0, 1, 0, 1, 0, 0). Pre-Einstein Derivation:
2
13 Diag(1, 5, 6, 6, 7, 7, 8)
||Sβ||2 = 1311 ≈ 1.18
3.3 n7,80 L
14
75 (2, 4, 5, 7)B
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 1, 0)
[e1, e2] = e4, [e1, e4] = e6, [e1, e6] = e7, [e2, e3] = e5
{e1...e7} is a nice basis.
U =

3 0 1 1
0 3 0 0
1 0 3 0
1 0 0 3

General solution to Ux = [1]: x = 121(3, 7, 6, 6)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 0, 2, 3), D2 = Diag(0, 1, 0, 1, 1, 1, 1),
D3 = Diag(0, 0, 1, 0, 1, 0, 0). Pre-Einstein Derivation:
1
21 Diag(5, 12, 15, 17, 27, 22, 27)
||Sβ||2 = 2122 ≈ 0.954
3.4 n7,83 L
26
75 (2, 4, 7)F
dim Der
13
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e2, e4] = e6, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 0
1 3 0 0
0 0 3 0
0 0 0 3

General solution to Ux = [1]: x = 112(3, 3, 4, 4)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 1), D2 = Diag(0, 1, 0, 1, 0, 2, 0),
D3 = Diag(0, 0, 1, 0, 1, 0, 2). Pre-Einstein Derivation:
1
12 Diag(6, 5, 5, 11, 11, 16, 16)
||Sβ||2 = 67 ≈ 0.857
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3.5 n7,86 L
23
75 (2, 4, 7)I
dim Der
14
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e2, e4] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1 −1
1 3 0 −1 1
0 0 3 1 1
1 −1 1 3 1
−1 1 1 1 3

A solution to Ux = [1]: x = 120 (5, 5, 4, 4, 4)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 1), D2 = Diag(0, 1, 0, 1, 0, 2, 1),
D3 = Diag(0, 0, 1, 0, 1, 0, 1). Pre-Einstein Derivation:
1
20 Diag(10, 7, 11, 17, 21, 24, 28)
||Sβ||2 = 1011 ≈ 0.909
3.6 n7,98 L
3
75 (3, 5, 7)A
dim Der
18
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 1, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e7, [e2, e3] = e6
{e1...e7} is a nice basis.
U =

3 1 1 1
1 3 0 1
1 0 3 0
1 1 0 3

General solution to Ux = [1]: x = 113(1, 3, 4, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 0, 2), D2 = Diag(0, 1, 0, 1, 0, 1, 0),
D3 = Diag(0, 0, 1, 0, 1, 1, 1). Pre-Einstein Derivation:
1
13 Diag(5, 9, 7, 14, 12, 16, 17)
||Sβ||2 = 1311 ≈ 1.18
3.7 n7,117 L
25
75 (2, 5, 7)H
dim Der
15
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e5] = e6, [e2, e4] = e6, [e3, e4] = −e7
{e1...e7} is a nice basis.
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U =

3 0 1 0
0 3 1 0
1 1 3 1
0 0 1 3

General solution to Ux = [1]: x = 13(1, 1, 0, 1)
T . It is not an Einstein
nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 2, 1, 2, 2), D2 = Diag(0, 1, 0, 0, 1, 1, 0),
D3 = Diag(0, 0, 1, 0, 0, 0, 1). Pre-Einstein Derivation:
1
3 Diag(1, 2, 2, 2, 3, 4, 4)
3.8 n7,121 L
19
75 (2, 5, 7)A
dim Der
19
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e3] = e6, [e1, e5] = e7, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1
1 3 1 0
0 1 3 1
1 0 1 3

General solution to Ux = [1]: x = 15 (1, 1, 1, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 2, 1, 1, 2), D2 = Diag(0, 1, 0, 0, 1, 0, 1),
D3 = Diag(0, 0, 1, 0, 0, 1, 0). Pre-Einstein Derivation:
1
5 Diag(2, 3, 4, 4, 5, 6, 7)
||Sβ||2 = 54 = 1.25
3.9 n7,123 (2, 5, 7)C
dim Der
18
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e5] = −e7, [e2, e3] = e6, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 1
0 3 0 1
1 0 3 1
1 1 1 3

General solution to Ux = [1]: x = 113(3, 4, 3, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 2, 1, 0, 2), D2 = Diag(0, 1, 0, 0, 1, 1, 1),
D3 = Diag(0, 0, 1, 0, 0, 1, 0). Pre-Einstein Derivation:
2
13 Diag(3, 3, 5, 6, 6, 8, 9)
||Sβ||2 = 1311 ≈ 1.18
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3.10 n7,111 (1, 3, 7)C
dim Der
15
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e3] = e6, [e2, e4] = e6, [e2, e6] = e7, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1 −1
1 3 1 −1 1
1 1 3 0 0
1 −1 0 3 1
−1 1 0 1 3

A solution to Ux = [1]: x = 120 (4, 4, 4, 5, 5)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 1), D2 = Diag(0, 1, 0,−1, 1, 0, 1),
D3 = Diag(0, 0, 1, 1, 0, 1, 1). Pre-Einstein Derivation:
1
20 Diag(12, 7, 11, 16, 19, 23, 30)
||Sβ||2 = 1011 ≈
3.11 n7,119 L
20
75 (2, 5, 7)B
dim Der
18
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e3] = e6, [e1, e5] = e7, [e2, e4] = e6
{e1...e7} is a nice basis.
U =

3 1 0 1
1 3 1 1
0 1 3 0
1 1 0 3

General solution to Ux = [1]: x = 113(3, 1, 4, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 2), D2 = Diag(0, 1, 0,−1, 1, 0, 1),
D3 = Diag(0, 0, 1, 1, 0, 1, 0). Pre-Einstein Derivation:
1
13 Diag(5, 7, 12, 10, 12, 17, 17)
||Sβ||2 = 1311 ≈ 1.18
3.12 n7,124 L
28
75 (3, 7)D
dim Der
19
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 0)
[e1, e2] = e5, [e1, e3] = e6, [e2, e4] = e6, [e3, e4] = e7
{e1...e7} is a nice basis.
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U =

3 1 1 0
1 3 1 1
1 1 3 1
0 1 1 3

General solution to Ux = [1]: x = 18 (2, 1, 1, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 1), D2 = Diag(0, 1, 0,−1, 1, 0,−1),
D3 = Diag(0, 0, 1, 1, 0, 1, 2). Pre-Einstein Derivation:
5
8 Diag(1, 1, 1, 1, 2, 2, 2)
||Sβ||2 = 43 ≈ 1.33
3.13 n7,105 L
33
74(3C) (2, 5, 7)K
dim Der
16
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 0)
[e1, e2] = e5, [e1, e5] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 0 0
0 3 1 0
0 1 3 1
0 0 1 3

General solution to Ux = [1]: x = 121(7, 6, 3, 6)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 2, 1), D2 = Diag(0, 1, 0, 2, 1, 1, 2),
D3 = Diag(0, 0, 1,−1, 0, 0, 0). Pre-Einstein Derivation: 121 Diag(8, 11, 15, 15, 19, 27, 30)
||Sβ||2 = 2122 ≈ 0.954
3.14 n7,120 L
4
75 (2, 5, 7)F
dim Der
18
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e3] = e6, [e1, e6] = e7, [e2, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 1 1
1 3 0 0
1 0 3 1
1 0 1 3

General solution to Ux = [1]: x = 113(1, 4, 3, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 2, 1, 1, 2), D2 = Diag(0, 1, 0,−1, 1, 0, 0),
D3 = Diag(0, 0, 1, 1, 0, 1, 1). Pre-Einstein Derivation:
1
13 Diag(5, 9, 9, 10, 14, 14, 19)
||Sβ||2 = 1311 ≈ 1.18
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3.15 n7,122 L
27
75 (2, 5, 7)E
dim Der
17
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e3] = e6, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 1 0 0
1 3 0 1
0 0 3 1
0 1 1 3

General solution to Ux = [1]: x = 111(3, 2, 3, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 1), D2 = Diag(0, 1, 0, 2, 1, 0, 2),
D3 = Diag(0, 0, 1,−1, 0, 1, 0). Pre-Einstein Derivation: 111 Diag(6, 5, 7, 9, 11, 13, 16)
||Sβ||2 = 1110 = 1.10
3.16 n7,108 (1, 3, 7)A
dim Der
14
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 1, 0)
[e1, e2] = e5, [e1, e5] = e7, [e3, e4] = e6, [e3, e6] = e7
{e1...e7} is a nice basis.
U =

3 0 0 0
0 3 0 1
0 0 3 0
0 1 0 3

General solution to Ux = [1]: x = 112(4, 3, 4, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 2, 1, 2, 2), D2 = Diag(0, 1, 0, 1, 1, 1, 1),
D3 = Diag(0, 0, 1,−2, 0,−1, 0). Pre-Einstein Derivation: 112 Diag(5, 8, 5, 8, 13, 13, 18)
||Sβ||2 = 67 ≈ 0.857
3.17 n7,103 L
15
75 (1, 4, 5, 7)A
dim Der
16
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 2, 1, 0)
[e1, e2] = e5, [e1, e5] = e6, [e1, e6] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
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U =

3 0 1 0
0 3 0 0
1 0 3 1
0 0 1 3

General solution to Ux = [1]: x = 121(6, 7, 3, 6)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 3, 1, 2, 3), D2 = Diag(0, 1, 0, 1, 1, 1, 1),
D3 = Diag(0, 0, 1,−1, 0, 0, 0). Pre-Einstein Derivation: 521 Diag(1, 3, 3, 3, 4, 5, 6)
||Sβ||2 = 2122 ≈ 0.954
3.18 n7,128 L
9
74(3C) (1, 5, 7)?
dim Der
19
dim Derived Series
(7, 2, 0)
dim Desc. C. Series
(7, 2, 1, 0)
[e1, e2] = e6, [e1, e6] = e7, [e2, e5] = e7, [e3, e4] = e7
{e1...e7} is a nice basis.
U =

3 0 1 0
0 3 1 1
1 1 3 1
0 1 1 3

General solution to Ux = [1]: x = 113(4, 3, 1, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 2, 2, 1, 2), D2 = Diag(0, 1, 0, 1, 0, 1, 1),
D3 = Diag(0, 0, 1,−1, 0, 0, 0). Pre-Einstein Derivation: 213 Diag(3, 4, 5, 5, 6, 7, 10)
||Sβ||2 = 1311 ≈ 1.18
3.19 n7,129 L
26
74(3C) (2, 7)B
dim Der
19
dim Derived Series
(7, 2, 0)
dim Desc. C. Series
(7, 2, 0)
[e1, e2] = e6, [e1, e3] = e7, [e3, e4] = e6, [e4, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 1 0
1 3 1 1
1 1 3 1
0 1 1 3

General solution to Ux = [1]: x = 18 (2, 1, 1, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 0, 1, 1), D2 = Diag(0, 1, 0, 1,−1, 1, 0),
D3 = Diag(0, 0, 1,−1, 2, 0, 1). Pre-Einstein Derivation: 18 Diag(5, 6, 6, 5, 6, 11, 11)
||Sβ||2 = 43 ≈ 1.33
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3.20 L376 (2, 4, 7)A
dim Der
19
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e1, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 1
1 3 1 0
0 1 3 1
1 0 1 3

General solution to Ux = [1]: x = 15 (1, 1, 1, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 2, 2), D2 = Diag(0, 1, 0, 1, 0, 1, 0),
D3 = Diag(0, 0, 1, 0, 1, 0, 1). Pre-Einstein Derivation:
1
5 Diag(1, 4, 4, 5, 5, 6, 6)
||Sβ||2 = 54 = 1.25
3.21 L5475 (2, 4, 7)B
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e4] = e6, [e3, e5] = e7
{e1...e7} is a nice basis.
U =

3 1 0 0
1 3 1 0
0 1 3 0
0 0 0 3

General solution to Ux = [1]: x = 121(6, 3, 6, 7)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 2, 1), D2 = Diag(0, 1, 0, 1, 0, 1, 0),
D3 = Diag(0, 0, 1, 0, 1, 0, 2). Pre-Einstein Derivation:
1
21 Diag(6, 15, 11, 21, 17, 27, 28)
||Sβ||2 = 2122 ≈ 0.954
3.22 L3674(3C) (2, 4, 7)D
dim Der
15
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e4, [e1, e3] = e5, [e1, e5] = e7, [e2, e5] = e6, [e3, e4] = e6
{e1...e7} is a nice basis.
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U =

3 1 1 1 −1
1 3 0 −1 1
1 0 3 1 0
1 −1 1 3 1
−1 1 0 1 3

A solution to Ux = [1]: x = 120 (4, 5, 4, 4, 5)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 1, 2), D2 = Diag(0, 1, 0, 1, 0, 1, 0),
D3 = Diag(0, 0, 1, 0, 1, 1, 1). Pre-Einstein Derivation:
1
20 Diag(7, 12, 10, 19, 17, 29, 24)
||Sβ||2 = 1011 ≈ 0.909
3.23 L6275 (3, 5, 7)B
dim Der
17
dim Derived Series
(7, 4, 0)
dim Desc. C. Series
(7, 4, 2, 0)
[e1, e2] = e3, [e1, e3] = e5, [e1, e4] = e7, [e2, e3] = e6
{e1...e7} is a nice basis.
U =

3 0 1 0
0 3 1 1
1 1 3 0
0 1 0 3

General solution to Ux = [1]: x = 111(3, 2, 2, 3)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 1, 0, 2, 1, 1), D2 = Diag(0, 1, 1, 0, 1, 2, 0),
D3 = Diag(0, 0, 0, 1, 0, 0, 1). Pre-Einstein Derivation:
1
11 Diag(4, 5, 9, 9, 13, 14, 13)
||Sβ||2 = 1110 = 1.10
3.24 L775 (3, 7)C
dim Der
22
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 0)
[e1, e2] = e5, [e2, e3] = e6, [e2, e4] = e7, [e3, e4] = e5
{e1...e7} is a nice basis.
U =

3 1 1 1
1 3 1 1
1 1 3 1
1 1 1 3

General solution to Ux = [1]: x = 16 (1, 1, 1, 1)
T . It is an Einstein nilradical.
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Maximal Torus: D1 = Diag(1, 0, 0, 1, 1, 0, 1), D2 = Diag(0, 1, 0, 1, 1, 1, 2),
D3 = Diag(0, 0, 1,−1, 0, 1,−1). Pre-Einstein Derivation: 16 Diag(5, 3, 4, 4, 8, 7, 7)
||Sβ||2 = 32 ≈ 1.50
6. Rank four
4.1 n7,125 L
6
75 (3, 7)B
dim Der
20
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 0)
[e1, e2] = e5, [e1, e3] = e6, [e3, e4] = e7
{e1...e7} is a nice basis.
U =
[
3 1 0
1 3 1
0 1 3
]
General solution to Ux = [1]: x = 17(2, 1, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 0, 1, 1, 0), D2 = Diag(0, 1, 0, 0, 1, 0, 0),
D3 = Diag(0, 0, 1, 0, 0, 1, 1), D4 = Diag(0, 0, 0, 1, 0, 0, 1).
Pre-Einstein Derivation: 17 Diag(4, 5, 4, 5, 9, 8, 9)
||Sβ||2 = 75 = 1.4
4.2 n7,126 L
4
76 (3, 7)A
dim Der
25
dim Derived Series
(7, 3, 0)
dim Desc. C. Series
(7, 3, 0)
[e1, e2] = e5, [e1, e3] = e6, [e1, e4] = e7
{e1...e7} is a nice basis.
U =
[
3 1 1
1 3 1
1 1 3
]
General solution to Ux = [1]: x = 15(1, 1, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 0, 1, 1, 1), D2 = Diag(0, 1, 0, 0, 1, 0, 0),
D3 = Diag(0, 0, 1, 0, 0, 1, 0), D4 = Diag(0, 0, 0, 1, 0, 0, 1).
Pre-Einstein Derivation: 25 Diag(1, 2, 2, 2, 3, 3, 3)
||Sβ||2 = 53 ≈ 1.67
4.3 n7,130 (2, 7)A
dim Der
21
dim Derived Series
(7, 2, 0)
dim Desc. C. Series
(7, 2, 0)
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[e1, e2] = e6, [e3, e5] = e6, [e4, e5] = e7
{e1...e7} is a nice basis.
U =
[
3 1 0
1 3 1
0 1 3
]
General solution to Ux = [1]: x = 17(2, 1, 2)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 0, 1, 1, 1), D2 = Diag(0, 1, 0, 0, 1, 1, 1),
D3 = Diag(0, 0, 1, 0,−1, 0,−1), D4 = Diag(0, 0, 0, 1, 0, 0, 1).
Pre-Einstein Derivation: 17 Diag(5, 5, 6, 5, 4, 10, 9)
||Sβ||2 = 75 = 1.4
4.4 n7,131 (1, 7)
dim Der
28
dim Derived Series
(7, 1, 0)
dim Desc. C. Series
(7, 1, 0)
[e1, e4] = e7, [e2, e5] = e7, [e3, e6] = e7
{e1...e7} is a nice basis.
U =
[
3 1 1
1 3 1
1 1 3
]
General solution to Ux = [1]: x = 15(1, 1, 1)
T . It is an Einstein nilradical.
Maximal Torus: D1 = Diag(1, 0, 0, 0, 1, 1, 1), D2 = Diag(0, 1, 0, 0,−1, 0, 0),
D3 = Diag(0, 0, 1, 0, 0,−1, 0), D4 = Diag(0, 0, 0, 1, 1, 1, 1).
Pre-Einstein Derivation: 45 Diag(1, 1, 1, 1, 1, 1, 2)
||Sβ||2 = 53 ≈ 1.67
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